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ABSTRACT
Yan Feng: Model Reduction in Biomechanics
(Under the direction of Sorin Mitran)
The mechanical characteristic of the cell is primarily performed by the cytoskeleton.
Microtubules, actin, and intermediate filaments are the three main cytoskeletal polymers. Of these,
microtubules are the stiffest and have multiple functions within a cell that include: providing
tracks for intracellular transport, transmitting the mechanical force necessary for cell division
during mitosis, and providing sufficient stiffness for propulsion in flagella and cilia. Microtubule
mechanics has been studied by a variety of methods: detailed molecular dynamics (MD), coarse-
grained models, engineering type models, and elastic continuum models. In principle, atomistic
MD simulations should be able to predict all desired mechanical properties of a single molecule,
however, in practice the large computational resources are required to carry out a simulation of
larger biomolecular system. Due to the limited accessibility using even the most ambitious all-atom
models and the demand for the multiscale molecular modeling and simulation, the emergence of the
reduced models is critically important to provide the capability for investigating the biomolecular
dynamics that are critical to many biological processes. Then the coarse-grained models, such as
elastic network models and anisotropic network models, have been shown to bequite accurate in
predicting microtubule mechanical response, but still requires significant computational resources.
On the other hand, the microtubule is treated as comprising materials with certain continuum
material properties. Such continuum models, especially Euler-Bernoulli beam models, are often
used to extract mechanical parameters from experimental results. The microtubule is treated as
comprising materials with certain continuum material properties. Such continuum models, especially
Euler-Bernoulli beam models in which the biomolecular system is assumed as homogeneous
isotropic materials with solid cross-sections, are often used to extract mechanical parameters
iii
from experimental results. However, in real biological world, these homogeneous and isotropic
assumptions are usually invalidate. Thus, instead of using hypothesized model, a specific continuum
model at mesoscopic scale can be introduced based upon data reduction of the results from molecular
simulations at atomistic level. Once a continuum model is established, it can provide details on
the distribution of stresses and strains induced within the biomolecular system which is useful in
determining the distribution and transmission of these forces to the cytoskeletal and sub-cellular
components, and help us gain a better understanding in cell mechanics.
A data-driven model reduction approach to the problem of microtubule mechanics as an
application is present, a beam element is constructed for microtubules based upon data reduction
of the results from molecular simulation of the carbon backbone chain of αβ-tubulin dimers. The
data base of mechanical responses to various types of loads from molecular simulation is reduced to
dominant modes. The dominant modes are subsequently used to construct the stiffness matrix of a
beam element that captures the anisotropic behavior and deformation mode coupling that arises
from a microtubule’s spiral structure. In contrast to standard Euler-Bernoulli or Timoshenko beam
elements, the link between forces and node displacements results not from hypothesized deformation
behavior, but directly from the data obtained by molecular scale simulation. Differences between
the resulting microtubule data-driven beam model (MTDDBM) and standard beam elements are
presented, with a focus on coupling of bending, stretch, shear deformations. The MTDDBM is
just as economical to use as a standard beam element, and allows accurate reconstruction of the
mechanical behavior of structures within a cell as exemplified in a simple model of a component
element of the mitotic spindle.
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CHAPTER 1: INTRODUCTION
1.1 The mechanics of the cell
The cell is the smallest and most basic structural, functional, and biological unit of life.
Cells consist of cytoplasm enveloped by a membrane, which takes up most of the cells’ volume
and contains many functional biomolecules such as cytoskeleton, organelles and nucleic acids
(Hardin et al., 2015). Animals, plants and fungi are eukaryotes, namely cells that contain a nucleus,
as distinguished to prokaryotic cells. The eukaryotic cell relies on the cytoskeletal system to
maintain or change the cell shape during movement, to resist mechanical deformation, to transport
intracellular cargo, and to stabilize entire tissues by associating with extracellular connective tissue
and other cells.
Tremendous efforts have been made by the biologist trying to elucidate the structure and
function of the cells, how they interact with other cells and extracellular environment physiologically
and biologically, as the basic topic in cell biology. In this field, the study of the cell at the molecular
level mainly focus on chemistry, the laws governing the interaction between molecules that results
in the formation and breakage of chemical bounds, and physics, the laws governing molecular
structure and properties. Despite the progress on the study of individual molecules, we still seek
better understanding of how these molecules interconnect dynamically and adaptively to create
coupled regulatory networks. Recently, the emergence of biomechanics, which integrates mechanics,
molecular biology, biophysics, biochemistry and biomolecular engineering, unfolds the role of the
mechanical force during many fundamental cellular processes.
The mechanical properties of cells have attracted interest from the very beginning of cell
biologic studies. Gel-sol transitions were recognized in the cytoplasm of crawling amoeboid cells
in the eighteenth century and flow within plant cells provided some of the first quantitative data
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describing non-Newtonian viscosity. In the 1920s microscopic magnetic particles were manipu-
lated within live cells to obtain quantitative measurements of elastic and viscous parameters by
microrheology. In part, the focus on cell mechanics has been motivated by efforts to define how
cells perform mechanical work as they move; however, recently, increased interest in cell mechanics
has been generated by demonstrations that the mechanical features of the extracellular environment
and application of forces to cells trigger cellular responses that are essential for many aspects of cell
structure and function.
In contrast to the level of understanding of how specific chemicals trigger and transduce
signals within cells, studies of how cells sense force and how they respond to different levels,
durations, and directions of force are much less common, but have recently attracted increasing
attention from biologists and bioengineers. Defining specific structures and mechanisms by which
forces, both external and internally generated, are sensed by cells and how this stimulus leads
to specific responses is likely to help explain the complex functions of cells and to design better
materials for cell and tissue engineering and other applications in vivo.
1.2 Cytoskeleton system
The mechanical characteristic of the cell is primarily performed by the cytoskeleton, which
accomplishes three main functions: it is involved in many cell signaling pathways by organizing the
components of the cell spatially for intracellular transport; it connects the cell with the extracellular
environment; it generates directed forces for the cell to maintain and deform in shape. The
cytoskeleton is built up by the self-assembly of cytoskeletal polymers. An analogy of this assembly
or disassembly process is by using LEGO to construct different objects. LEGO pieces can be
assembled and connected in many ways, and all the pieces can be taken apart again for other
purpose. Similarly, cytoskeletal polymers assemble together to form a variety of structure, and
these cytoskeletal structures can be disassembled and reassembled into other shapes to adapt to the
environment or to serve the changing proposes. However, different from LEGO, the self-assembly
of cytoskeletal polymer is a spontaneous, adaptive and dynamic process. There are three primary
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Figure 1.1: The components of the cytoskeleton (Johnson, George B. The Living World).
types of polymers comprising the cytoskeleton as shown in Fig (1.1): actin filaments, microtubules
and a group of polymers known collectively as intermediate filaments. These cytoskeletal structures
are multifunctional and well-arranged into a regulatory network, which is able to respond to the
external applied force and resists the deformation to maintain the integrity of the cell in shape.
Meanwhile, the actin filaments and microtubules undergo conformational changes, polymerization
and depolymerization, at the two ends of the polymers in response to GTP hydrolysis, a property
known as dynamic instability. It has been found that many cellular processes are powered by this
property of cytoskeleton, because the polymerization and depolymerization of microtubule and
action filaments generate directed force, together with molecular motors, that drive the movement of
the cellular structures. For example, during mitosis, as the growth and shrinkage of the microtubules
inside mitotic spindle, the chromosomes are pushed or pulled around to regulate the process of cell
division. Different structures of these three polymers define their distinctions in the mechanical
stiffness, the dynamics of the self-assembly process, the polarity and the kind of associated molecular
motors, resulting in different architectures and functions to the networks they form.
Microtubules are the filamentous intracellular structure composed of hundreds or thousands
of tubulin dimers. The study of the structure of the tubulin dimer and microtubule have provided
insights to identify the functions and explain how physical forces and mechanical structures
contribute to their biological functions. The development of advanced technology over the past two
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decades help to furnish microtubule mechanical properties by the many experimental techniques,
such as optical tweezers, thermal fluctuation, buckling force measures method and hydrodynamic
flow. However, despite the imaging techniques allow the visualization of a single protein and the
applied external forces can be measured by high precision mechanical probes, the determination
of the mechanical properties of the microtubule was not an easy task due to its nonlinear, history
dependent nature of stress-strain relationships. On the measurement of the flexural rigidity of
microtubules, it is typical to introduce a Euler-Bernoulli beam model to interpret the measures
resulting in values of Young’s modules between Mpa to Gpa. All of the methods mentioned
assumed that the microtubule is a homogeneous and isotropic slender elastic rod. The validity of
this assumption if open to question, since microtubules are highly anisotropic structure.
Although the significant discrepancy in the measurement of the Young’s modules, mi-
crotubules are still the stiffest of the three cytoskeletal polymers. The persistence length of the
microtubule, which quantifies the flexural rigidity, is 5,200 µm showing that microtubules are
rigid over cellular dimension and able to organize nearly linear protein pathways for intracellular
traffic. On the other hand, microtubules have the most complex assembly and disassembly dynamics
comparing with the other two types of polymers. During mitosis, the cell partition replicated
chromosomes into two identical daughter cells, a task performed by microtubule-based machine
called the mitotic spindle. The dynamic instability of microtubule determines to a large extent the
shape of the mitotic spindle and promotes the proper alignment of chromosomes at the spindle
equator. In fact, the depolymerization of microtubule plus end at kinetochores, a protein where
the mitotic spindle attach on chromatids during cell division, provides most of the force for the
movement of chromosomes during congression and segregation. Actin filaments are linear polymers
of globular monomeric actin, G-actin, which are constructed into two twisted and loosely wrapped
strands through polymerization. Actin filaments are much less rigid than microtubule, with the
persistence length about 17.7 µm, which perhaps explains why actin filaments within cells are
usually cross-linked into highly organized and stiff structure, such as bundles, two-dimensional
network, and three-dimensional gel, in the presence of high concentrations of cross-linker. Actin
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filaments are the smallest cytoskeletal filaments, with a diameter of 7nm, but widely distributed
throughout the cell and contributing to the regulation of many cellular activities. They are the
primary cytoskeletal component to drive cell motility by organizing into a highly branched fila-
mentous network to support the leading edge of moving cell. During cell division, the disassembly
of the actin-based motile structures generate the forces that causes the cell to stop moving and
become more rounded. Unlike microtubules, actin filaments do not switch between discrete states
of polymerization and depolymerization. During polymerization, G-actin aggregates into short,
unstable oligomers, which elongate steadily into a filament by addition of actin monomers to both
of its ends until the steady-state phases reached. Assembly of actin filaments from their monomeric
subunits and the formation of actin-filament bundles and networks suffice to change the shape of
the cell and produce a protrusion the for cell migration.
Another important property of both microtubule and actin filaments is polarity due to the
asymmetrical structure and uniformly stacked orientation of their subunits at the molecular level.
As a result of this structural polarity, both types of polymer function as suitable tracks for molecular
motors that move preferentially in one direction. For microtubules, the motors are members of the
dynein or kinesin families, whereas for actin filaments, they are members of the large family of
myosin proteins. These molecular motors have essential roles in organizing the microtubule and
actin cytoskeletons. Microtubule-associated motors are crucial for the assembly of the microtubule
array, in interphase, and the mitotic spindle. These motors also carry cargo between intracellular
compartments along microtubule tracks.
Intermediate filaments are the least stiff of the three types of cytoskeletal polymer, and they
resist tensile forces much more effectively than compressive forces. They can be cross-linked to
each other, as well as to actin filaments and microtubules, by proteins called plectins, and some
intermediate filament structures may be organized mainly through interactions with microtubule or
actin filaments. Many cell types assemble intermediate filaments in response to mechanical stresses,
for example airway epithelial cells, in which keratin intermediate filaments form a network that
helps cells to resist shear stress.
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1.3 Cell mechanics and human disease
A rapidly growing body of science indicates that mechanical phenomena are critical to
the proper functioning of several basic cell processes and that mechanical loads can serve as
extracellular signals that regulate cell function. Further, disruptions in mechanical sensing and/or
function have been implicated in several diseases considered major health risks, such as osteoporosis,
atherosclerosis, and cancer. At its most basic level, hearing is a process of transduction. A physical
signal in the form of sound (pressure) waves is converted into electrical impulses along a nerve.
Mechanotransduction occurs in the ear via a specialized cell called the inner ear hair cell. When
sound is transmitted to the inner ear, the vibrations cause the cilia to deflect, which in turn stretches
the actin filaments. The kinetics of signaling proteins inside the cell are altered by the change of
calcium concentration, and a cascade of biochemical events is initiated that eventually leads to a
depolarization of the cell and a nerve impulse. Mechanics is very important in this process. The
cilia need to have the right mechanical characteristics to stand upright, but remain flexible enough
that they can be deflected by sound waves. The actin tip kinks need to be strong enough to open
the channel and to have the appropriate polymer mechanics behavior so that they are stretched by
cilium deflection, but are not affected by thermal noise.
1.4 Techniques in cell mechanics
The study of single-cell and molecular biomechanics has expanded enormously with the
advent and increasingly common usage of more precise experimental tools and techniques, including
embedded particle tracking, micropipette aspiration, atomic force microscopy (AFM) and optical
tweezers. Although these experimental techniques have led to significant progress in single molecule
biomechanics, many experimental challenges exist in molecular biomechanics studies of proteins
and nucleic acids. First, it still lacks atomic level resolution that the availability of protein structures
solved by X-ray crystallography and other experimental techniques is limited. Second, many of the
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experimental challenges in molecular biomechanics involve the need to study molecular complexes
in conditions closer to their in vivo environment
Progress in cell biology has been facilitated and complemented by the increasing capability
of computer power to fulfill the multi-scale simulations with nearly real timescale. Computational
techniques, including molecular dynamics (MD), Monte Carlo methods, and Brownian dynamics
calculations, have the potential to complement the single-molecule experimental investigations,
and provide insight into the underlying mechanisms with atomic resolution. In addition, several
computational tools have been developed for molecular biomechanics studies such as steered molec-
ular dynamics(SMD), the umbrella sampling technique and normal mode analysis. Together these
computational techniques are used to determine mechanical and physical properties of molecules
that account for their functional roles. Computational techniques have been used to study a variety
of issues in molecular biomechanics. One of the most important applications of computational
molecular biomechanics is the study of mechanotransduction, the process by which cells transduce
mechanical signal into biological processes.
MD simulations are wildly used in molecular biomechanics and in some cases provide
satisfying results which agreed well with the subsequent single-molecular experiment. In essence,
Newton’s equations of motion are integrated in time for an atomistic model of a system such as s
protein surrounded by water solvent. MD simulations can now be routinely carried out for systems
having tens of thousands of atoms and for trajectories lasting microseconds. Although present-day
MD simulations may seem both large and long at the atomic scale, many limitations exist in the
application of MD simulation. First, the description of the protein structures is restricted by the
limitation of resolution inherited from the experimental techniques. Second, the force field used in
simulation are empirically based and the accuracy of the simulations is limited by the inter atoms
energy potential assumptions. Further, the other limitation of MD simulation is how to mimic the in
vivo condition, including the choice of applying constant displacement, velocity or constant force,
determining the direction to apply the force and imposing appropriate boundary conditions and so
on. Finally, using MD simulation to investigate single molecule mechanics has been the enormous
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computational demands. The timescale is severely limits the applicability of MD simulation, since
the available computing power prevents simulations over times longer than microseconds while most
of the biological processes in a living cell occur with a timescale longer than a few milliseconds.
In the real biological context of the cellular cytoskeleton, multiple scales and spatiotemporal
coupling occur: an atomistic- scale dimension is generally coupled to one or more mesoscale
dimensions, and this in turn is coupled to the near-continuum scale. In this case, the explicit
motions of every atom is the system contain more information than is needed or even desirable to
describe the essential features of the problem. In this context, coarse-grained is ideal representation
which reduce the number of degrees of freedom of the system and bridge the atomistic and
mesoscopic scales to make true multi-scale simulations feasible. Coarse-grained therefore provides
a highly significant advance in the field of biomolecular modeling and simulation. However, several
substantial challenges emerge when the coarse-grained approach is employed instead of atomistic
MD. One of the challenges involves the establishment of a proper formal connection between the
behavior of the coarse-grained representation of the system and the underlying all-atom (full atomic
resolution) model. Additional challenges involve the degree of believable predictive power of the
coarse-grained models and their transferability between dissimilar systems. These challenges are a
direct result of the reduction in the resolution of the system by the coarse-grained procedure and the
resulting risk of losing certain key information.
Continuum approach on the other hand, treat the cell as comprising materials with certain
continuum material properties. From experimental observations, the appropriate constitutive
material models and the associated parameters are then derived. The continuum approach is
easier and more straightforward to use in computing the mechanical properties of the cells of the
biomechanical response at the cell level is all that is needed. Once a continuum model is established,
it can provide details on the distribution of stresses and strains induced on the cell, which is turn
can be useful in determining the distribution and transmission of these forces to the cytoskeletal
and sub-cellular components. This can then assist on the development of more accurate micro and
nano-structural components.
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1.5 Challenge in cell Mechanics
Comprehensive mechanical analysis of a cell is extremely complex. The mechanical prop-
erties of the cell are essential to force responses because they determine the extent of deformation of
the region of the cell where the force is applied, and therefore the range of molecular deformations
that can be triggered. Lots of efforts have been made trying to answer the basic question in cell
mechanics: how to determine or what determines stiffness and other constitutive physical properties
of the cell? Estimates of cellular stiffness derived from different types of micro-rheological methods
cover a wide range depending on the methods used, the type and extent of deformation, and the
time that the deformation is applied. There are one-dimensional linear elements in the cytoskeleton
and two-dimensional solids and enormous potential for pressure effects and fluid-solid interaction.
Indeed, the overall cell is part-solid, part-liquid, something we call viscoelastic.
The values of elastic moduli calculated from force-deformation studies of cells are inher-
ently difficult to interpret even when the experimental results are highly reproducible and well
controlled. Among the factors that complicate the analysis are the facts that the structure of the
cell interior is not homogeneous. For example, the flexural rigidity of microtubules, based upon an
assumed Euler-Bernoulli beam model, has been estimated using optical tweezers, thermal fluctua-
tions, buckling force measurements, and hydrodynamic flow interactions. Published values for the
resulting Young’s modulus E vary between 3.1 ± 0.9 MPa and 1.4 GPa, a three-order of magnitude
discrepancy. Published values for the shear modulus also exhibit marked discrepancies ranging from
1.4 Pa to 1.4 MPa. Clearly, more than variability due to experimental technique, the possibility of
incorrect assumptions on the mechanical behavior of a microtubule has to be considered. Therefore,
the elastic modulus calculated from subcellular deformations is model dependent.
Just as cell mechanics is a compelling challenge in applied mechanics, it is also a difficult,
but rewarding, challenge in computational mechanics. For example, multi- scale modeling involves
coupling a large-scale simulation with another simulation representing microscopic behavior. For
cells one might simulate the behavior of individual actin and tubulin polymers and couple that to
models of cytoskeletal networks or ever the whole cell. The constitutive models in cell mechanics
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are available today, but with limited ability to predict intracellular biological events. The full
mechanical behavior of the cell is a synthesis of solid, fluid, and statistical mechanics such that
there is an opportunity for multi-physic formulations.
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CHAPTER 2: REDUCED MODELS FOR BIOMOLECULAR SYSTEM
2.1 Introduction
In most biomolecular systems, an atomistic-scale dimension is generally coupled to one
or more mesoscale dimensions, and this in turn is coupled to the near-continuum scale. The
details resulting from atomistic-scale (molecular) domains are ultimately crucial in determining the
collective properties of the highest scales, but when the overall behavior of the biomolecular system
at the near-continuum scale is investigated, the explicit motion of each atom at the atomistic-scale is
no longer necessary or even desirable to describe the essential features of the problem. In such case,
coarse-graining has become a rapidly expanding methodology in the field of biomolecular simulation
to largely reduce the computational cost. A greatly simplified and much more computationally
efficient CG representation can reveal how molecular-scale changes and transformations propagate
upward in scale to define the function of biological structures. Atomistic coarse-graining is a method
of reducing the complexity of the system by clustering groups of atoms into new coarse-grained
(CG) sites, seen as quasi-particles under the influence of effective interactions. Since it has been
found that there is no intrinsically optimal number of CG sites for a given system determines the
reduction in the total number of degrees of freedom of the system and the applicability of this
reduced model, the level of model resolution, which can be atomic, mesoscopic even continuum.
Thus, the level of the resolution is chosen based on the size of the system investigated and the
certain feature of this biomolecular system addressed.
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2.2 Multiscale challenges in biomolecular system
Advances in molecular modeling and simulation, especially the all atom simulations of
single molecule, have significantly contributed to the knowledge of the behavior of individual
biological molecule. During the last two decades, single-molecule experiments have developed
into a mature stage, and provided rich molecular information for the studies of complex biological
systems and processes. Computational simulations on the single molecule are used to collaborate
and complement the experimental results, for example, in the field of biomechanics, modeling
of single molecule under mechanical manipulation and control helps to verify the experimental
measurement of molecular forces and the molecular structural and functional responses. The most
successful and widely used computational technique for the studies on the single molecule is
molecular dynamics (MD) simulation, which is atomic model routinely carrying out for the systems
having tens of thousands of atoms in length scale and lasting microseconds even millisecond in
time scale. However, MD simulation is not feasible to investigate large molecular system in the real
biological context based on the state-of-the-art computer power. For the exploration of mesoscopic
phenomena of real biomolecular systems, the size of the system increases to million of atoms, then
time scale has to be compromised to tens or hundreds of nanoseconds in MD simulation while most
of the biological processes in a live cell longer than a few milliseconds.
In a real biological context, the biomolecular systems are inherently multiscale, atomic
scale generally coupling to mesoscopic even macroscopic or continuum length scale. This spa-
tiotemporal multiscale coupling occurs in many important biological phenomena. For the behavior
of the cytoskeleton during mitosis, the depolymerization and polymerization of the microtubule
at kinetochores providing the force for the division of two replicated chromosomes should be
described by a model at atomic scale. However, when the collective movement of the mitotic spindle
responding to the mechanical input is investigated, the explicit motion of each atom provided by the
all-atom model, even if it is possible, is no longer necessary. As shown in Fig (2.1), atomistic-scale
tubulin dimer (Figure 2.1 a) are used to build a much larger scale 13-protofilament microtubule
fragment in the all-atom MD representation (Figure 2.1 b), which in turn is used to construct a
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Figure 2.1: A visual representation of the multiscale challenge for understanding in biological
systems. (a) an atomistic representation of a tubulin dimer (PDB, 1tub); (b) a microtubule fragment,
made up of many tubulin dimers (PDB, 3j2u ); (c) a coarse-grained representation of a microtubule
fragment, which reduce the computational cost for simulation; (d) a mesoscopic cytoskeleton
network made up of many individual microtubules. (http://w3.impa.br/ jair/summary1.html)
greatly simplified and much more computationally efficient CG microtubule representation (Figure
2.1 c), which might, e.g., be used to model the mesoscopic cytoskeleton network depicted at the
near-continuum scales (Figure 2.1 d ).
Also, Fig (2.1) depicts some of the multiple scales that exist in the particular example of
the cellular cytoskeleton, beginning with the basic tubulin dimer ”building block” (Figure 2.1 a).
With all such biomolecular systems, an atomistic-scale dimension is generally coupled to one or
more mesoscale dimensions, and this in turn is coupled to the near-continuum scale, in this case
the cytoskeleton network (Figure 2.1 d). It means that the details resulting from atomistic-scale
(molecular) domains are ultimately crucial in determining the collective properties of the highest
scales, but when the overall behavior of the biomolecular system at the near-continuum scale is
investigated, the explicit motion of each atom at the atomistic-scale is no longer necessary or even
desirable to describe the essential features of the problem.
Due to the discrepancy in the time and length scales between which many fundamentally
biological processes occur and those that are accessible using even the most ambitious all-atom
models and the demand for the multiscale molecular modeling and simulation, the emergence of the
reduced models is critically important to provide the capability for investigating the longer time and
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length scale dynamics that are critical to many biological processes. In such case, coarse-graining
has become a rapidly expanding methodology in the field of biomolecular simulation to largely
reduce the computational cost. A greatly simplified and much more computationally efficient CG
representation can reveal how molecular-scale changes and transformations propagate upward in
scale to define the function of biological structures.
2.3 Atomic coarse-grained models
In fact, the all-atom simulation, such as MD simulation mentioned above, can be considered
as coarse graining modeling which averages out the degrees of freedom of quantum mechanical
system to enable the modeling and simulation at atomic level. Similarly, the atomic CG model aver-
ages out the atomic degrees of freedom by clustering groups of atoms into new coarse-grained (CG)
sites, or called ”pseudoatoms”, and provides insight into the overall behavior of the biomolecular
system. The reduction in the total number of degrees of freedom of the system accomplished by
atomic CG model allows for a significant increase over both the spatial and temporal limitations of
all-atom models.
Since atomic CG models are neglecting some atomic degrees of freedom, both structural
information and interactions, they can be considered as lower resolution models to capture certain
key feature of the system in order to investigate the mesoscopic phenomena of interest. For the
exploration of large-scale simulation of biomolecular systems, atomic CG models have gained a
lot of popularity lately due to their advantages, in both length and time scale, over the all-atom
models: atomic CG models can handle the system with millions of CG sites, and they allow for the
simulation of slow processes which require time scales in the microsecond to millisecond range.
Designing a CG model requires one to decide about two aspects, the level of resolution and
the force field.
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2.3.1 Level of resolution
The level of model resolution, which can be atomic, mesoscopic even continuum, deter-
mines the reduction in the total number of degrees of freedom of the system and the applicability
of this reduced model. Since it has been found that there is no intrinsically optimal number of
CG sites for a given system, the level of the resolution is chosen based on the size of the system
investigated and the certain feature of this biomolecular system addressed. In some models, all
a
α-Tubulin
β -Tubulin
α-Tubulin
β -Tubulin
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Figure 2.2: (a) Diagrams of the αβ-tubulin dimer. Coordinates for αβ-tubulin are taken from the
Protein Data Bank, code 1TUB. (b) Coarse-grained structure after replacing the main chain with the
Cα atom.
main chain atoms are treated in an explicit way while in others single united atoms replace the side
groups. Sometimes, the main chain could be replaced by the Cα atom, which is the first carbon
atom that attaches to a functional group , and the side chains partitioned into several interacting
units as shown in Fig (2.4). The mapping from group of atoms to a single CG site at the new CG
location is specified as well, and one example of such mapping function is the center of mass of a
group of atoms.
2.3.1.1 Clustering analysis
After the main chain is replaced by the Cα atom, the Cα coarse grained model can be
further coarse grained based on the collective motion of biomolecular system. The collective motion
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of certain group of atoms can also be detected by certain algorithms, such as hierarchical clustering
analysis on the correlation matrices C, which describe the atomic pairwise dynamics of the system
(Keskin et al., 2002).
The orientational cross-correlations between the fluctuations of the Cα atoms are found by
normalizing the cross-correlations according to
Cij =
< ∆Ri ·∆Rj >
(< ∆Ri ·∆Ri >< ∆Rj ·∆Rj >) 12
, (2.1)
where ∆Ri represents the fluctuation of residue i. < ∆Ri · ∆Rj > is calculated from < ∆Ri ·
∆Rj >= kT trace[H−1ij ], and H is the Hessian matrix readily calculated by taking second derivative
of potential with respect to the position of residues. The positive and negative limits of correlation
matrices C are 1 and −1, which correspond to pairs of residues exhibiting fully correlated and
fully anticorrelated motions, respectively. Correlations between residue fluctuations describe those
parts of the structure that move collectively, as a unified group, and how these regions move with
respect to one another. Based on the correlation matrix, clustering analysis provides a method
for clustering the Cα atoms into the optimum number of clusters, which finds the similarity or
dissimilarity between every pair of Cα atoms to identify the collective motions of biomolecular
system.
2.3.1.2 Clustering analysis on tubulin dimer
The clustering analysis on tubulin dimer is shown in Fig (2.3). The cross-correlations
between the fluctuations of the Cα atoms in tubulin dimer is calculated, and the link between pairs
of Cα atoms that are in close proximity is defined by using the linkage function and kmeans function.
Once the Cα atoms are paired into binary clusters, the newly formed clusters are grouped into larger
clusters until a hierarchical tree is formed. For different number k of clusters, the hierarchical tree
is cut into k clusters by pruning branches off the bottom of the hierarchical tree and assigning all
the objects below each cut to a single cluster.
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Figure 2.3: Clustering analysis on tubulin dimer.
As shown in Fig (2.3), for different number k of clusters, the silhouette values are plotted
to measure how similar a residue is to the residues in its own cluster while compared to residues in
other clusters. When the cluster number k = 2, the optimal silhouette value is obtained to show that
the tubulin dimer can be partitioned into two clusters and each cluster corresponds to one monomer.
Sept and MacKintosh (Sept and MacKintosh, 2010) coarse-grained the atomic level model by
replacing each tubulin monomer with a bead placed at the center of mass of the monomer to predict
the Young’s modulus and persistence length of microtubules as well as to test the applicability of
simple, continuum shell elasticity for microtubules. The coarse-graining techniques developed
in this literature are similar to a large number of bead-spring models that have been developed
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to describe biomolecular systems. The application of this coarse-graining technique is relatively
straightforward, and should be widely applicable to other macro- molecular systems and larger
macromolecular complex.
When the cluster number k = 6, the silhouette value is about 0.5, and each monomer
is further partitioned into three clusters. These three clusters of α- and β- monomer obtained
by clustering analysis is reasonably consistent with its functional domain found by Nogales:
nucleotide-binding domain having a typical Rossmann fold, an intermediate domain containing
the Taxol-binding site, and the carboxy-terminal domain, which constitutes the binding surface for
MT-associated motor proteins. These three functional domains are also called: N-terminal domain,
intermediate domain and C-terminal domain, respectively. By the inspection of the correlation map,
each tubulin monomer shows symmetrical opposite direction movements with respect to the dimer
interface, while N- and C- terminal domain exhibit some tendency to move in the same direction
whereas the intermediate domain of the molecule under- goes mostly opposite direction motions.
Grouping together the residues with the most similar correlated patterns could provide significant
insight into the global motion of the tubulin dimer. For example, RTB method can be implemented
by dividing the whole system into n rigid blocks, and each block is made of a certain number of
residues. By the correlation mapping, three rigid domains were identified in each tubulin monomer
which is corresponding to the three functional domains. Deriu et al. (Deriu et al., 2010) simulated
coarse-grained models of entire microtubule, with length up to 350 nm, by using the RTB approach
for a cost-effective treatment. In this literature, three rigid domains are identified in each tubulin
monomer which is corresponding to the three functional domains, and each domain is considered as
a rigid block in the RTB approach.
2.3.2 Force field
The design of the force field can be broadly classified into three categories: physics-based
force field, knowledge-based statistical force field and structure-based Models of force field. For
the first two types, coarse-grained force field are described by a similar formula as an all-atom force
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field. For the structure-based models, the structural information of the system is the starting point for
simulation studies by explicitly using native structural information of the target molecules as input.
For all these three cases, the strategy to derive force field parameters of the coarse grained models is
by matching some features of the atomic ensemble form experiment data or all-atom simulations.
Among structure-based CG models, there exist two popular families: the elastic network models
(ENMs) and Go models.
2.3.2.1 Elastic network models
The ENMs, first proposed by Tirion(Tirion, 1996) are defined as collections of harmonic
springs between CG sites that are spatially close to each other in the native structure, where the
natural distances of the springs correspond to those in the native structure.
a b c
Figure 2.4: (a) Diagrams of the αβ-tubulin dimer. Coordinates for αβ-tubulin are taken from the
Protein Data Bank, code 1TUB, and the tubulin dimer is represented by a virtual backbone. (b)
Coarse-grained model of tubulin dimer by the Cα atom representation. (c) The elastic network
model of tubulin dimer, and each interaction sites are identified by the Cα atoms which connected
by the springs when the distance with in a cutoff distance.
The total intramolecular potential V of a protein of N residues can be expressed as a series
expansion in the fluctuations ∆Ri ∈ R3 of individual Cα atom position as
V =V0 +
N∑
i=1
(
∂V
∂∆Ri
|∆Ri=0)∆Ri +
1
2
N∑
i=1
N∑
j=1
(
∂2V
∂∆Ri∂∆Rj
|∆Ri=0,∆Rj=0)∆Ri∆Rj + · · · ,
(2.2)
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Figure 2.5: Residue pair: a virtual backbone between two interaction sites (Cα atoms). Within a
cutoff distance Rc around the central residue i, the residue pairs are subject to an interacting force.
The residue pairs are subject to a harmonic force provided that they are within a cutoff distance
range of 1.2 nm around the residue i. Dotted lines designate the residues interacting with that
residue.
where V0 is the reference state potential and can be set as V0 = 0. Also,
∑N
i=1(
∂V
∂∆Ri
|∆Ri=0)∆Ri
equals to zero because of the minimum of energy at equilibrium state. By neglecting the higher
order terms, Eqn (2.2) is rewritten in matrix form,
V =
1
2
∆RTH∆R, (2.3)
where fluctuations ∆R ∈ R3N , and the Hessian matrix H ∈ R3N×3N . For each Cα atom pair,
Hij =
∂2V
∂∆Ri∂∆Rj
∈ R3×3, i, j = 1, 2, · · · , n evaluated at the equilibrium state,
Hij = krr
T × (Rc −Rij), (2.4)
where
Rij =
√
((xj − xi)2 + (yj − yi)2 + (zj − zi)2), (2.5)
r = [−cx,−cy,−cz, cx, cy, cz]T (2.6)
cx =
xj − xi
Rij
, cy =
yj − yi
Rij
, cz =
zj − zi
Rij
. (2.7)
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Rc −Rij = 1, if Rc < Rij , and Rc −Rij = 0, otherwise.
Recent studies have demonstrated that methods based on ENM are particularly useful to
explore the structural dynamics of biomolecules and their complexes. By extracting the dominant
modes of motion, the mechanical properties of biomolecular system are investigated. However,
the application of the ENM approach to large molecular systems (such as microtubules) can also
become prohibitively expensive in terms of computational cost, so that more-efficient strategies are
required (Deriu et al., 2010).
2.3.2.2 Self-organized polymer model
Once local and non-local contacts in ENMs are distinguished and only non-local pairwise
harmonic potentials are replaced with a dissociative function, such as a Lennard-Jones potential, Go
models is obtained and it can be thought as an extension of ENM, which are more appropriate for
representing large-amplitude functional dynamics. Self-organized polymer(SOP) model is one of Go
models. In order to extract mechanical properties at acceptable computational cost, a self-organized
polymer (SOP) model, which provides a topology-based description of the polypeptide chain of
proteins in order to describe the mechanical properties of biomolecules, can be used. In this model,
the full atomic structure is replaced by a backbone of Cα atom with assumed interaction forces. The
total energy function in terms of N CG coordinates for a protein conformation is given by
VSOP =VFENE + VATT + VREP
=−
N−1∑
i=1
k
2
R20 log[1−
(ri,i+1 − r0i,i+1)2
R20
] +
N−3∑
i=1
N∑
j=i+3
εh[(
r0i,j
ri,j
)2 − 2(r
0
i,j
ri,j
)6]∆ij
+
N−2∑
i=1
εl(
σ
ri,i+2
)6 +
N−3∑
i=1
N∑
j=i+3
εl(
σ
ri,j
)6(1−∆ij),
(2.8)
with ri,j the distance between two interaction CG sites i and j, and r0i,j the value in their native
structure. The interactions are classified as bonded and nonbonded. The interactions described in
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the first term VFENE in Eqn (2.8) are the backbone chain connectivity. For nonbonded interactions,
the second term VATT in Eqn (2.8), a Lennard-Jones-like potential, accounts for interactions that
stabilize the native state. The last two terms in Eqn (2.8), VREP , describe the nonnative potential that
can be considered to account for the space-filling properties of the molecule to prevent interchain
crossing. The total intramolecular potential VSOP of N CG sites can be expressed as a series
expansion in the fluctuations ∆Ri of each CG coordinate as
VSOP =V0 +
N∑
i=1
(
∂VSOP
∂∆Ri
|∆Ri=0)∆Ri
+
1
2
N∑
i=1
N∑
j=1
(
∂2VSOP
∂∆Ri∂∆Rj
|∆Ri=0,∆Rj=0)∆Ri∆Rj + · · · ,
(2.9)
where V0 is the reference state potential and can be set as V0 = 0. The third term in Eqn(2.9) can be
rewritten in the matrix form as 1
2
∆RTH∆R, where the Hessian matrix H is the second derivatives
of the potential function VSOP .
2.4 Model Reduction via Principal Orthogonal Decomposition
Though the reduction in the total number of degrees of freedom of the system accomplished
by the atomic CG model enables the simulations to increase in both length and time scales, it is
still not a viable technique for modeling the entire cell. Hence, in spite of coarse graining methods,
other model reduction techniques, not conceptual or methodological but mathematical, need to be
implemented to further reduce the dimension of the system. In later section, these techniques are
applied to the problem of extracting overall mechanical behavior of many microtubules, such as
mitotic spindles and ciliary axoneme, from the detailed molecular structure of α- and β- tubulin.
2.5 Proper Orthogonal Decomposition Method
Principal orthogonal decomposition (POD) is a projection method which is often used
to generate an optimally ordered, orthonormal basis B in a least-squares sense for a given set of
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experimental or computational data. POD is applied to the data set U = [u1,u2, · · · ,um], which
are the trajectories of the deformation of the biomolecular system, ui ∈ R3N and i = 1, · · · ,m,
where 3N is the size of the system and m is the number of simulation runs, extracted from SOP
simulations to find an orthogonal projection Projn to project the data set onto n-dimensional
subspace Sn by minimizing the total least-squares distance
Projn = arg min ||U−ProjnU||22 = min
m∑
i=1
||ui −Projnui||22. (2.10)
The solution of the optimization problem 2.10 relies on the introduction of correlation matrix C ∈
R3N×3N defined by C =
∑m
j=1 uju
T
j = UU
T . By definition, C is a symmetric positive semidefinite
matrix with real, nonnegative ordered eigenvalues λ1 ≥ · · · ≥ λ3N ≥ 0 and v1, · · · ,v3N are the
corresponding eigenvectors, C =
∑3N
i=1 λiviv
T
i . Also, vi, · · · ,v3N are the singular vectors of the
data set U, then each data vector ui ∈ S3N can be written as
ui =
3N∑
j=1
aijvj. (2.11)
The subspace Sn is the span of the first n eigenvectors of C, Sn = span{v1, · · · ,vn}, where
vj, j = 1, · · · , n are the POD modes. The optimal orthogonal projection Projn : S3N → Sn is
given by
Projn =
n∑
j=1
viv
T
i . (2.12)
Then it holds
u˜i = Projnui =
n∑
j=1
viv
T
i (
3N∑
j=1
aijvj) =
n∑
j=1
aij,vj (2.13)
The POD modes [v1, · · ·vn] in Eqn.2.13 are obtained by the eigenvalue decomposition of correlation
matrix C ∈ R3N×3N which might be computational expensive even infeasible when the dimension
of the original system 3N is large. Thus, instead of calculating vj directly, the eigenvectors
[v′1, · · ·v′m] of the new correlation matrix C′ = UTU ∈ Rm×m are computed, where m, m << 3N ,
is the second dimension of the data set. Now the run time of the factorization only depends on
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the number of the deformation trajectories of the biomolecular system extracted from the SOP
simulations. Then the corresponding POD modes are given by
vj =
1√
λj
Uv′j. (2.14)
The eigenvalues λi of the correlation matrix C′ provide enough information about the relative
information content(Afanasiev and Hinze, 2001) of the basis set and n is chosen to make I(n) close
to 1 as shown in Eqn.2.15
I(n) =
∑n
i=1 λi∑s
i=1 λi
→ 1. (2.15)
Although an increase of the number of POD modes leads to a decrease of the least squares error, it
might happen that more POD modes lead to a worse approximation of the full dynamics.
2.5.1 Model reduction via principal orthogonal decomposition
Principal orthogonal decomposition (POD) is based on the assumption that the functional
dynamics of the biomolecular system is dominated by the major collective modes of fluctuation
spanned by only a small subset of the total number of degrees of freedom. For the studies in
the dynamics of biomolecular system, the fact that only a small subset of the total number of
degrees of freedom dominates the molecular dynamics not only helps to probe and predict structural
and dynamical behavior of biological molecules, but also in terms of computation, it inspires the
implementation of model reduction technique by yielding a low-dimensional approximations for
the full high-dimensional dynamical system.
Since POD is used to capture the essence of dynamical for the representation of multidi-
mensional data, the choice of data set, the system trajectories, is crucial and obtained either from
experimental data or computational simulations U = [u1,u2, · · · ,um] ∈ R3N×m, which {ui} are
the trajectories of the deformation of the biomolecular system. Even in the case in which only
a small number of modes is necessary to approximate the behavior of the biomolecular system,
the order of eigenvalue problem equals to thats of the original problem, which is the size of the
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correlation matrix C = UUT ∈ R3N×3N . The computational cost involved in this solution could
be mitigated by using iterative techniques to find the eigenvectors corresponding only to the largest
eigenvalues with highest energy content. However, a more elegant procedure, the method of
snapshots introduced by Sirovich (Sirovich, 1987), is available which significantly reduces the
cost of the solution of the eigenvalue problem. According to the derivation previously presented,
instead of solving an 3N × 3N eigenvalue problem, the problem can be reduced to an m × m
eigenvalue/eigenvector problem by using the method of snapshots.
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CHAPTER 3: MODEL REDUCTION ON 3D STATIC LINEAR ELASTICITY
PROBLEM
3.1 Introduction
In this chapter, two ways of reduction on 3D linear system of elasticity to a single beam
element had been introduced. For 3D static linear elasticity problem, equations governing a linear
elastic boundary value problem are based on three tensor partial differential equations for the
balance of linear momentum and six infinitesimal strain-displacement relations. The system of
differential equations is completed by a set of linear algebraic constitutive relations. To investigate
the mechanical properties of 3D linear system of elasticity, the finite element method is used to
predict the deformations and stress fields within system subjected to external forces.
For this 3D linear system of elasticity, if some assumptions can be made based on the
observations of the deformations, is it possible to reduce the dimension of the original system to a
lower dimension? Euler-Bernoulli beam theory is a simplification of the linear theory of elasticity
which provides a means of calculating the load-carrying and deflection characteristics of beams.
The 3D linear system of elasticity is considered as linear elastic isotropic material. The assumptions
made by Euler-Bernoulli beam theory are: (1) the cross-section is infinitely rigid in its own plane;
(2) the cross-section of a beam remains plane after deformation; (3) the cross-section remains
normal to the deformed axis of the beam. Experimental measurements show that these assumptions
are valid for long, slender beams. Then, based on Euler-Bernoulli beam theory, the original 3D
linear system of elasticity can be reduced to a single 2D Euler- Bernoulli beam element of two
nodes, with three degrees of freedom at each node.
However, instead of prescribed types of deformation assumed and the prerequisite of
mechanical characterization parameters, the essential mechanical properties of the system can be
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directly captured by certain feature extraction approaches. In the chapter, feature extraction and
dimension reduction are combined in one step by using principal orthogonal decomposition (POD),
and a data driven model reduction approach for the reduction of 3D linear system of elasticity is
presented. This data driven reduced model is developed based on the deformation data collected
from the implementation of finite element method on 3D linear system of elasticity, and it yields a
2D beam element which is consistent with the 2D Euler- Bernoulli beam element. Since 2D beam
element is constructed from the POD modes of the 3D linear system of elasticity, it is called ”2D
POD beam element” in this chapter.
3.2 The System of elasticity
Solid objects in 3D deform under the action of applied forces: a point in the solid, originally
at (x1, x2, x3) will come to (x′1, x
′
2, x
′
3) after some time; the vector u = (u1, u2, u3) = (x
′
1−x1, x′2−
x2, x
′
3 − x3) is called the displacement. When the displacement is small and the solid is elastic,
Hooke’s law gives a relationship between the stress tensor σ(u) = (σij(u)) and the strain tensor
ε(u) = (εij(u)) with i, j = 1, 2, 3.
σ33 σ23 σ13 
σ32 
σ12 
σ22 σ11 σ21 
σ31 
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x3 
Figure 3.1: Components of stress in three dimensions.
The constitutive equations of linear elasticity, which is based on Hooke’s Law, can be written as a
system of equations of the form
σ = Eε, σij(u) = λδij∇ · u + 2µεij(u), (3.1)
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where the Kronecker symbol δij = 1 if i = j, and δij = 0 otherwise, with
εij(u) =
1
2
(
∂ui
∂xj
+
∂uj
∂xi
), (3.2)
and where λ, µ are positive scalar coefficients, the Lame´ coefficients, that are two material-dependent
quantities describing the mechanical properties of the solid.
Lame´ system. let us consider a beam with axis Oz and with perpendicular section Ω. If the beam
is clamped on the boundary ∂Ω, then the proper boundary condition for the system is u = 0 on
∂Ω. The components along x and y of the strain u(x) in a section Ω subject to the body force f
perpendicular to the axis are governed by
−div(σ) = f in Ω, (3.3)
where the corresponding variational form is:
∫
Ω
σ(u) : ε(v)−
∫
Ω
v · f = 0, (3.4)
where σ : ε =
∑n
i,j=1 σijεij .
Total potential energy variational form. The weak formulation in Eqn (3.23) is a re-formulation
of the original PDE in Eqn (3.3) (Strong form), and it is from this form that the finite element
approach is established. The Total Potential Energy (TPE) functional for the 3D static linear
elasticity problem is given by
Π = U −W. (3.5)
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The internal energy can be expressed in terms of the strains as
U =
∫
Ω
σε =
1
2
∫
Ω
εTEεdΩ, (3.6)
in which 1
2
εTEε is the stain energy density. The external energy (potential of the applied forces) is
the sum of contributions from the given interior (body) and exterior (boundary) forces as
W =
∫
Ω
uT fdΩ +
∫
Γ
uTgdΓ. (3.7)
Principle of minimum potential energy. Among all admissible displacement fields the one that
satisfies the equilibrium equations also render the potential energy Π a minimum. In the other word,
this energy is at a stationary position when an infinitesimal variation from such position involves no
change in energy,
δΠ = δU − δW = 0. (3.8)
3.3 Finte element method
The necessary equations to apply the finite element method (FEM) to the 3D static linear
elasticity problem are collected here and expressed in matrix form. The finite element method is the
most important ”volume integral” method. One or more of the governing equations are recast to
hold in some average sense over subdomains of simple geometry. This recasting is often done in
terms of variational forms if variational principles can be readily constructed.
Finite element discretization. The domain is discretized by a finite element mesh as illustrated in
Fig (3.2). From this mesh we extract a generic element labeled e. In subsequent derivations the
number n is kept arbitrary. Therefore, the formulation is applicable to arbitrary three-dimensional
elements, for example those sketched in Fig (3.2). The node points will be labeled 1 through n
which called local node numbers. Numbering will always start with corners. The element domain
and boundary are denoted by Ωe and Γe, respectively. The element has 3n degrees of freedom.
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Figure 3.2: Finite element discretization and extraction of generic element.
These are collected in the element node displacement vector in a node by node arrangement:
ue = [ux1, uy1, uz1, ux1, · · · , uxn, uyn, uzn]T . (3.9)
Displacement interpolation. The displacement field ue(x, y, z) over the element is interpolated
from the node displacements. For isotropy element, it is assumed that the same interpolation
functions are used for all three displacement components. Thus,
ux(x, y, z) =
n∑
i=1
N ei (x, y, z)uxi, (3.10)
uy(x, y, z) =
n∑
i=1
N ei (x, y, z)uyi, (3.11)
uz(x, y, z) =
n∑
i=1
N ei (x, y, z)uzi, (3.12)
in which N ei (x, y, z) are the element shape functions. In matrix form:
u =

ux
uy
uz
 =

N e1 0 0 · · · · · · · · · N en 0 0
0 N e1 0 · · · · · · · · · 0 N en 0
0 0 N e1 · · · · · · · · · 0 0 N en
ue = Nue, (3.13)
where N ∈ R3×3N is called the shape function matrix. The interpolation condition on the element
shape function N ei (x, y, z) states that it must take the value one at the i
th node and zero at all
others. For example, the element shape function for the trilinear hexahedral element Ωe ∈ [−1, 1]×
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[−1, 1]× [−1, 1],
N ei (x, y, z) =
1
8
(1− x)(1− y)(1− z). (3.14)
Differentiating the finite element displacement field yields the strain-displacement relations
ε =

εx
εy
εz
γxy
γyz
γyx

=

∂Ne1
∂x
0 0 · · · · · · · · · ∂Nen
∂x
0 0
0
∂Ne1
∂x
0 · · · · · · · · · 0 ∂Nen
∂y
0
0 0
∂Ne1
∂z
· · · · · · · · · 0 0 ∂Nen
∂z
∂Ne1
∂y
∂Ne1
∂x
0 · · · · · · · · · ∂Nen
∂y
∂Nen
∂x
0
0
∂Ne1
∂z
∂Ne1
∂y
· · · · · · · · · 0 ∂Nen
∂z
∂Nen
∂y
∂Ne1
∂z
0
∂Ne1
∂x
· · · · · · · · · ∂Nen
∂z
0 ∂N
e
n
∂x

ue = Bue, (3.15)
where B ∈ R6×3N is called the strain-displacement matrix. The stresses are given in terms of strains
and displacements by
σ = Eε = EBue, (3.16)
which is assumed to hold at all points of the element.
To obtain finite element stiffness equations, the variation of the total potential energy functional is
decomposed into contributions from individual elements
δΠe = δU e − δW e = 0, (3.17)
U e =
1
2
∫
Ωe
εTEεdΩe, W e =
∫
Ωe
uT fdΩe +
∫
Γe
uTgdΓe. (3.18)
Plugging the rations u = Nue, ε = Bue and σ = EBue into Πe yields the quadratic form in the
nodal displacements
Πe =
1
2
ueTKeue − ueT fe, (3.19)
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where the element stiffness matrix is
Ke =
∫
Ωe
BTEBdΩe, (3.20)
and the consistent element nodal force vector is
fe =
∫
Ωe
NT fdΩe +
∫
Γe
NTgdΓe. (3.21)
From the Principle of Minimum Potential Energy, it gives the force-displacement relationship for
the element
∂Πe(ue)
∂ue
= Keue − fe = 0. (3.22)
3.4 Model reduction on 3D static linear elasticity problem
3.4.1 Finite element method in solving 3D static linear elasticity problem
Consider elastic box with the undeformed parallelepiped shape [0, 10]× [0, 1]× [0, 1]. The
beam is fixed on the vertical left face. The body force is the gravity force which is neglected here,
and the boundary force g is zero on all face except the vertical right face, the free end of the beam.
FreeFem++, a free software based on the finite element method, is used here to solve this 3D static
linear elasticity problem.
The equations of elasticity are written in weak form is
∫
Ω
[2µεij(u)εij(v) + λεii(u)εjj(v)] =
∫
Ω
v · f +
∫
Γ
v · g, (3.23)
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Figure 3.3: FreeFem++ implementation of the finite element method in 3D static linear elasticity
problem in beam shows the initial mesh and distorted mesh after bending, respectively.
where f = 0 is the body force and g is the boundary force on the boundary Γ. The Lame´ coefficients
λ, µ are related to the better known constants E, Young’s modulus, and ν, Poisson’s ratio:
µ =
E
2(1 + ν)
, λ =
Eν
(1 + ν)(1− 2ν) . (3.24)
In this case, the mechanical characterization parameter are given as
E = 20× 103Pa , ν = 0.2 . (3.25)
The beam is discretized by a finite element mesh 500 × 10 × 10. Automatic mesh generation in
FreeFem++ is based on the Delaunay-Voronoi algorithm, which first triangulates with only the
boundary points, then adds internal points by subdividing the edges. How fine the triangulation
becomes is controlled by the size of the closest boundary edges. The triangulation Ωe of Ω is
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automatically generated by FreeFem++, with the number of vertices on the edges Nx = 501,
Ny = 11 and Nz = 11 along x-, y- and z-direction, respectively. Thus, after discretization, the total
number of node is N = Nx ×Ny ×Nz = 60621, and the degrees of freedom is 3N = 181863.
Stretching. The boundary force is the stretching force along x-direction g = [gx, 0, 0]T .
Stretching
Figure 3.4: Initial mesh(light) and distorted mesh after stretching (dark), respectively.
Shearing. The boundary force is the shearing force along y-direction g = [0, gy, 0]T .
Shearing
Figure 3.5: Initial mesh(light) and distorted mesh after shearing (dark), respectively.
Bending. The boundary force is the distributed force along x-direction gi = [gxi, 0, 0]T providing a
bending moment at the free end of the beam.
If it is assumed that the load types this 3D linear elastic beam mainly undergoing are stretching,
shearing and bending as in Fig (3.4 - 3.6) . It is observed that the deformations only happen in xz
plane, and the motion of each node is collective with the others. Then, model reduction comes to
mind - whether this 3D linear system of elasticity with 3N = 181863 degrees of freedom can be
reduced to a lower n-dimension?
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Bending
Figure 3.6: Initial mesh(light) and distorted mesh after bending (dark), respectively.
3.4.2 Euler-Bernoulli beam theory
Euler-Bernoulli beam theory is a simplification of the linear theory of elasticity which
provides a means of calculating the load-carrying and deflection characteristics of beams. The
Simplifications on 3D linear system of elasticity are: 1. Averaging the deformations of the material
Neutral axisx
z
w(x)
q(x)
Figure 3.7: A single 2D Euler-Bernoulli beam element of two nodes, with three degrees of freedom
at each node, two translations u, v and one rotation θ, is used to represent the 3D linear system of
elasticity.
points in 3D linear system of elasticity onto their neutral axis on the xz plane. The neutral axis is
straight in its unloaded configuration. The beam is modeled as a one-dimensional object now, and
the load q(x) are normal to the beam axis as shown in Fig (3.7). 2. The material points in 3D linear
system of elasticity on the normal to the neutral axis remain on the normal during the deformation.
Thus, the deformation of the material points on the normal to the neutral axis can be represented by
a rotation angle θ,
θ =
dw(x)
dx
, θ′ =
d2w(x)
dx2
= −κ, (3.26)
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which w(x) describes the deflection of the beam in the z-direction at some position x and κ is the
curvature of the deflected neutral axis. Eqn (3.26) are called kinematic equations. For a uniform
static beam, the Euler-Bernoulli equation describing the relationship between the beam’s deflection
and the applied load is given by
EI
d4w(x)
dx4
= q(x), (3.27)
where I is the second moment of area of the beam’s cross-section, and EI is the flexural rigidity.
And the constitutive equation, which is a moment-curvature relation assuming a linear distribution
of strains and stresses across the cross section, is
M = EIκ. (3.28)
The weak form for finite element discretization is
EI
∫
Ωe
κ(x)κ(v)dx =
∫
Ωe
q(x)vdx (3.29)
For each element of two nodes, the deflection v along z-direction and the rotation θ describe the
displacement of the Euler-Bernoulli beam element,
u = [v1, θ1, v2, θ2]
T
Introducing the Hermite shape functions Ni (i = 1, · · · 4) interpolations of the displacements into
the weak form gives the element stiffness matrix of Euler-Bernoulli beam element,
Ke = EI
∫
Ωe
BTBdx, (3.30)
36
where the components in the stiffness matrix Keij = EI
∫
Ωe
d2Ni
dx2
d2Nj
dx2
dx. In matrix form,
Ke =

12EI
L3e
6EI
L2e
−12EI
L3e
6EI
L2e
6EI
L2e
4EI
Le
−6EI
L2e
2EI
Le
−12EI
L3e
−6EI
L2e
12EI
L3e
−6EI
L2e
6EI
L2e
2EI
Le
−6EI
L2e
4EI
Le

, (3.31)
where Le is the length of the Euler-Bernoulli beam element.
Further, the original 3D linear system of elasticity can be reduced to a single 2D Euler-
Bernoulli beam element of two nodes, with three degrees of freedom at each node, two translations
u, v and one rotation θ, as shown in Fig (3.8),
u = [u1, v1, θ1, u2, v2, θ2]
T .
3D linear system of elasticity 2D Euler-Bernoulli beam element
v1
u1θ2 u2
v2
θ1
1 2
Figure 3.8: A single 2D Euler-Bernoulli beam element of two nodes, with three degrees of freedom
at each node, two translations u, v and one rotation θ, is used to represent the 3D linear system of
elasticity.
The stiffness matrix of this 2D beam element based on Euler-Bernoulli beam theory is
obtained by simply combining the matrices of the truss element along x-direction (the derivation of
the truss element stiffness matrix is skipped here) and that of Euler-Bernoulli beam elements in Eqn
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(3.31) together,
KeEuler =

EA
Le
0 0 −EA
Le
0 0
0 12EI
L3e
6EI
L2e
0 −12EI
L3e
6EI
L2e
0 6EI
L2e
4EI
Le
0 −6EI
L2e
2EI
Le
−EA
Le
0 0 EA
Le
0 0
0 −12EI
L3e
−6EI
L2e
0 12EI
L3e
−6EI
L2e
0 6EI
L2e
2EI
Le
0 −6EI
L2e
4EI
Le

, (3.32)
where KeEuler ∈ R6×6 is the stiffness matrix of 2D Euler-Bernoulli beam element, with the
mechanical characterization parameter, Young’s modulus E = 20 × 103 Pa, and the geometric
parameters, the area of cross section A = 1 m2, the length Le = 10 m and the second moment of
area I = 1
12
m4.
Now, the original 3D linear system of elasticity with 3N = 181863 degrees of freedom
is reduced to a 2D Euler-Bernoulli beam element with n = 6 degrees of freedom. The stiffness
matrix KeEuler in Eqn (3.32) can be easily calculated once the mechanical characterization parameter
Young’s modulus E is known.
However, if this FreeFem++ implementation is in a blackbox, and only the output of
this FreeFem++ implementation, the deformation of the 3D linear system of elasticity, is known,
what is the alternative way to construct or approximate the stiffness matrix of 2D Euler-Bernoulli
beam element described in Eqn (3.32)? In fact, the stiffness matrix of 2D Euler-Bernoulli beam
element can also be constructed based on model reduction technique by extracting the key feature
from a set of deformations of the 3D linear system of elasticity which provided by FreeFem++
implementation.
38
3.4.3 Model reduction on 3D static linear elasticity problem
3.4.3.1 POD modes of 3D linear system of elasticity
For this 3D static linear elasticity problem of 3N = 181863 degrees of freedom, m = 60
simulations, 20 stretching/compression simulations (Fig (3.9)), 20 shearing simulations (Fig (3.10))
and 20 bending simulations (Fig (3.13)), are computed by using FreeFem++ implementation. All
the loads are imposed only on xz plane, thus the corresponding deformations are in the plane, due
to the isotropic and homogenous properties of the linear elasticity.
20   19   18   17   16   15   14   13   12   11   10
FreeFem++ implementation
stretching/compression simulations - 20 runs
9      8     7     6     5     4     3     2     1
Compression 
Stretching 
Figure 3.9: FreeFem++ implementation of stretching/compression simulation on 3D linear system
of elasticity. Initial mesh (orange, dark) and distorted mesh (yellow, light), respectively.
20   19   18   17   16   15   14   13   12   11   10
FreeFem++ implementation
shearing simulations - 20 runs
Initial configuration
Deformed configuration
9      8     7     6     5     4     3     2     1
Figure 3.10: FreeFem++ implementation of shearing simulation on 3D linear system of elasticity.
Initial mesh(orange, dark) and distorted mesh after shearing (yellow, light), respectively.
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20   19   18   17   16   15   14   13   12   11   10
FreeFem++ implementation
bending simulations - 20 runs
Initial configuration
Deformed configuration
9      8     7     6     5     4     3     2     1
θ 
Figure 3.11: FreeFem++ implementation of bending simulation on 3D linear system of elasticity.
Initial mesh (orange, dark) and distorted mesh after bending (yellow, light), respectively.
The outputs of FreeFem++ implementation are used to form the columns of a snapshot
matrix
U =
[
u1, · · · , u20, u21, · · · , u40, u41, · · · , u60
]
(3.33)
=

u11 · · · u120 u121 · · · u140 u141 · · · u160
... · · · ... ... · · · ... ... · · · ...
u3N1 · · · u3N20 u3N21 · · · u3N40 u3N41 · · · u3N60

3N×m
, (3.34)
and the corresponding external force matrix
Fext =
[
fext1 , · · · , fext20 , fext21 , · · · , fext40 , fext41 , · · · , fext60
]
3N×m
. (3.35)
The columns of the U and Fext are the deformations ui subjected to external forces Fexti computed
by using FreeFem++ implementation.
By using the method of snapshot, instead of SVD on this 3N ×m problem directly, the correlation
matrix C ∈ Rm×m is formed
C = UTU. (3.36)
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This matrix can be factorised, using eigenvalue decomposition, as
C = VΛVT , (3.37)
where the columns of V = [v1,v2, · · · ,vm] ∈ Rm×m, denoted by Vj for j = 1, · · · ,m, are the
eigenvectors of C and these will be used as the POD modes,
vpod,j =
1√
λj
Uvj. (3.38)
In addition, Λ = diag (λ1, λ2, · · · , λm) is the diagonal matrix containing the eigenvalue of C, which
indicate the relative importance of each modes.
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Figure 3.12: The log plot of the importance of eigenvalue λi , λi∑m
i=1 λi
, of correlation matrix C. The
first three modes are the most dominant modes.
The eigenvalue λi of the correlation matrix C provides enough information about the
relative information content of the basis set and the intrinsic dimension n of the original system is
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identified by
I(n) =
∑n
i = 1λi∑m
i = 1λi
→ 1. (3.39)
As shown in Fig (3.12), the first three modes are the dominant modes, thus the reduced
dimension n = 3. This result is predictable, since three POD modes vpodi for i = 1, 2, 3, bend-
ing, compression and shearing, are corresponding to three kinds of simulations implemented by
FreeFem++ in Fig (3.9 - 3.13)
Translations
Rotation FreeFem++ implementationrigid body motion simulations
translations along x-axis and z axis + rotations
Figure 3.13: FreeFem++ implementation of bending simulation on 3D linear system of elasticity.
Initial mesh (orange, dark) and distorted mesh after bending (yellow, light), respectively.
Similarly, the outputs of rigid body motion simulations from FreeFem++ implementation are
used to form the columns of a snapshot matrix Urgd ∈ R3N×m′ , and the correlation matrix
Crgd = Urgd
T
Urgd ∈ Rm′×m′ is factorised as Crgd = VrgdΣrgdVrgdT . Then the POD modes
representing rigid body motions are
vrgdpod,j =
1√
λj
Urgdvrgdj . (3.40)
The reduced dimension nrgd for the rigid body motions of original linear of elasticity is 3, represent-
ing the translation along x-axis, the translation along z-axis and the rotation around y-axis.
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Thus, the POD modes {vrgdpod,j} and {vrgdpod,j}, for j = 1, 2, 3, are normalize by QR factorization, as
Vpod = qr([v
rgd
pod,vpod]), (3.41)
where the column of Vpod ∈ R3N×6 is orthonormal POD mode. The plot of each POD mode is
shown in Fig (3.14).
POD modes - three rigid body motions
POD modes - three non-rigid body motions
Bending Compression Shearing
Figure 3.14: POD modes. Initial mesh (orange, light) and distorted mesh (yellow, dark), respectively.
3.4.3.2 2D POD beam element
Since POD modes are limited by the sampling strategy, each mode represents the motion
in the xz plane. By observing these POD modes, for each point in the 3D linear system of elasticity,
the motion includes translation along x-axis, translation along z-axis , rotation around y-axis. Thus,
2D beam can be used to describe this 3D linear system of elasticity. The original 3D linear system
of elasticity is reduced to a single 2D beam element of two nodes u = [u1, v1, θ1, u2, v2, θ2]T , with
three degrees of freedom at each node, two translations u, v and one rotation θ, as shown in Fig
(3.8). Two translations u, v are obtained by averaging the deformations of the material points in
3D linear system of elasticity onto the two end nodes of their neutral axis on the xz plane, and the
rotation angle θ is the deformation of the material points on the normal to the neutral axis at two
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end node.
( Note: since this 2D beam element will be constructed based on the POD modes of the 3D linear
system of elasticity, we call it ”2D POD beam element” now. )
To characterize the mechanical property of 2D POD beam element, the stiffness matrix Kb
is constructed. Since the order of stiffness matrix corresponds to total degrees of freedom, which
n = 6, the stiffness matrix of POD beam element Keb ∈ R6×6. The stiffness matrix is semi positive
definite. It is singular if no constraints are applied to prevent rigid body motion of the beam. The
stiffness matrix Keb can be factorised by eigenvalue decomposition, as
Kb = VbΛbV
T
b (3.42)
where Λb = diag (λb,1, λb,2, , λb,6) is the diagonal matrix containing the eigenvalues of Keb. The
columns of Vb ∈ R6×6, denoted by vb,j for j = 1, · · · , 6, are the eigenvectors, or called ’eigen
modes’, of Keb. Each eigen mode vb,j represents the nodal displacement produced by unit nodal
force for respective degrees of freedom. The eigen modes of POD beam element Vb are obtained
by averaging the POD modes Vpod of the original 3D linear system of elasticity to two nodes of
POD beam element as shown in Fig (3.15). Now, the only unknowns in stiffness matrix Keb is the
eigenvalues Λb.
Eigen modes of 2D POD beam - three rigid body motions
Eigen modes of 2D POD beam - three non-rigid body motions
Bending Stretching Shearing
Figure 3.15: Eigen modes of 2D POD beam - three rigid body motions and three non-rigid body
motions. Initial mesh (orange, dark) and distorted mesh (yellow, light), respectively.
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Figure 3.16: FreeFem++ implementation of (a) stretching/compression simulations, (b) shearing
simulations, and (c) bending simulations on 3D linear system of elasticity. Initial mesh(orange,
dark) and distorted mesh (yellow, light), respectively.
The output deformations U ∈ R3N×m of the 3D linear system of elasticity computed by
using FreeFem++ implementation and the corresponding external forces Fext ∈ R3N×m can be
averaged to two nodes of the POD beam element to obtain nodal displacements Ub = {ub,i} ∈
R12×m as shown in Fig(3.16) and nodal forces Fextb = {Fextb,i } ∈ R12×m.
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Then, the eigenvalue matrix Λb can be calculated by lease-square fitting
Λb := arg min
Keb
m∑
i=1
||Fextb,i −Kebub,i||2 = min
Λ
m∑
i=1
||Fextb,i −VbΛbVTb ub,i||2. (3.43)
3.4.3.3 Comparison of 2D Euler-Bernoulli beam element and POD beam element
A beam, of 10 m in length and 1 m in width and height, is constructed by 2D Euler-
Bernoulli element and POD beam element, respectively. The beam is loaded by a transverse force
F ext = 5 N at its free end. The deflection of POD beam element is plotted in Fig (3.17).
Figure 3.17: Beam element is fixed at one end and subjected to a point load Fext at its free end.
Initial configuration (orange, dark) and distorted configuration (yellow, light), respectively.
The comparison of 2D Euler-Bernoulli beam element and POD beam element is shown in Table
(3.1). The displacements uEuler and uPOD are predicted by 2D Euler-Bernoulli beam element
and POD beam element, respectively, and ub is nodal displacement averaged from FreeFem++
implementation of 3D linear system of elasticity.
Table 3.1: Comparison of 2D Euler-Bernoulli beam element and POD beam element.
Displacement u Displacement at the free end [u2, v2, θ2] err = ||u− ub||2/||ub||2
uEuler [0.0000, 1.0000, 0.1500] 0.02
uPOD [0.0000, 1.0349, 0.1527] 0.05
ub [0.0000, 0.9802, 0.1451] −
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CHAPTER 4: MODEL REDUCTION ON MICROTUBULE MECHANICS
4.1 Introduction
A beam element is constructed for microtubules based upon data reduction of the results
from molecular simulation of the carbon backbone chain of α,β-tubulin dimers. The data base of
mechanical responses to various types of loads from molecular simulation is reduced to dominant
modes. The dominant modes are subsequently used to construct the stiffness matrix of a beam
element that captures the anisotropic behavior and deformation mode coupling that arises from a
microtubule’s spiral structure. In contrast to standard Euler-Bernoulli or Timoshenko beam elements,
the link between forces and node displacements results not from hypothesized deformation modes,
but directly from the data obtained by molecular scale simulation. Differences between the resulting
microtubule data-driven beam model (MTDDBM) and standard beam elements are presented, with
a focus on coupling of bending, stretch, shear deformations. The MTDDBM is just as economical
to use as a standard beam element, and allows accurate reconstruction of the mechanical behavior
of structures within a cell.
In this chapter, a data-driven model reduction approach to the problem of microtubule
mechanics is introduced. Data from numerical simulation of a coarse-grained molecular dynamics
model known as the self-organized polymer (SOP) model is used to construct a reduced basis set on
which the vibrational modes of microtubule fragments are represented. Projection of vibrational
modes onto the reduced basis set is subsequently used to construct a microtubule data-driven beam
model (MTDDBM), that reduces the ∼ 5 × 105 degrees of freedom (DOF) of a L = 72.5nm
microtubule fragment to the 12 DOFs commonly associated with a beam model. In contrast to
Euler-Bernoulli or Timoshenko beam models (henceforth referred to as standard beam models),
no assumptions are made on the response of the MTDDBM to applied forces. Recall that in an
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Euler-Bernoulli beam the normal stress within a cross-section is assumed to vary linearly and it
is assumed that a mean fiber within the beam deforms within a plane and without extension. The
highly anisotropic structure of a microtubule casts doubt on the validity of theses assumptions, and
indeed the work presented here shows significant deviation from Euler-Bernoulli beam hypotheses.
While it is certainly possible to fit an Euler-Bernoulli type model to experimental data over a limited
range of deformation amplitudes, most biological applications involve assembly of microtubules
with other components. For example, mechanical properties of the cilium axoneme are determined
by the combined effects of microtubules, nexin links, dynein motors, and central spokes. Precise
knowledge of the main contribution to mechanical rigidity from microtubules becomes crucial
in such settings in order to estimate the mechanical properties of the other components. The
data-driven model reduction procedure presented here captures the coupling between deformation
types induced by the microtubule spiral structure, and that is absent in standard beam models.
4.2 Cell mechanics
The mechanical response of a cell is primarily determined by the cytoskeleton, which
generates directed forces for the cell to maintain and deform in shape. Microtubules, as the stiffest
polymer component of cytoskeleton, is able to form a polarized filamentous network that provides
mechanical support, resists external applied forces to maintain the integrity of the cell, and allows
organelle and protein movement throughout the cell. Microtubules are involved in nucleic and
cell division, organization of intracellular structure, and intracellular transport, as well as ciliary
and flagellar motility. An example is the within a cilium as presented in Fig (4.1). Because
microtubules are so critical to the function of cellular processes, it is important to understand their
mechanical properties arising from the structural polarity and the dynamics of the self-assembly
process. Nowadays, advances in experimental and computational techniques have set the stage for
the possibility of directly linking cell motility and mechanical behavior to the detailed molecular
structure of cellular components.
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a b
Figure 4.1: (a) Motile cilia on airway epithelial cells. (b) Electron micrograph of cilium showing
longitudinal and transverse sections. (Micrographs are copyright Gwen C. Childs, http://
cytochemistry.net/cell-biology/cilia.htm)
4.3 Microtubule structure
The structural subunit of microtubule is αβ-tubulin dimer, which consists two basically
identical monomers, α-tubulin and β-tubulin as shown in Fig (4.2). The structure of the tubulin
dimer has been resolved with 3.7A˚ resolution by standard X-ray crystallography of a zinc-induced
tubulin sheet in 1998 (Nogales et al., 1998), and subsequently refined with the more accurate overall
geometry, especially the position of side-chains (Lo¨we et al., 2001). The coordinates of the original
structure and refined structure are available at protein data bank (PDB) with accession number
1TUB and 1JFF, respectively.
A high resolution model of the microtubule was obtained by docking the crystal structure
of the tubulin protofilament into a reconstruction of the microtubule in 1999 (Nogales et al.,
1999). Tubulin dimers spontaneously polymerize to form a protofilament which itself exhibits
polarity. The plus end of a protofilament corresponds to a β-tubulin with bound GDP and the
minus end corresponds to a α-tubulin with bound GTP. The study showed that the conformation of
the tubulin dimer after docking into a microtubule had no significant change comparing with the
conformation of tubulin dimer and interaction between α- and β-tubulin in a zinc sheet, but the
longitudinal interactions between monomers within the dimer were stronger and more extensive
than the interaction at the dimer-dimer interface. The protofilaments aggregated in parallel to
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form a tube whose axis was parallel to the protofilament axis (Mandelkow et al., 1986). Nogales
et al. also suggested that the considerable flexibility in interprotofilament contacts and M loops
in N- and C- terminal could act as a hinge (Nogales et al., 1999). The function of M loops was
validated by Downing et al. (Sui and Downing, 2010) and their study suggested that the existence
of the lateral seam did not significantly affect the mechanical properties of microtubules. The
overall surface topography of the microtubule wall was also presented (Nogales et al., 1999). The
C-terminal helices on the outside of microtubule surface have both well-ordered and disordered
regions, and are thought to be the main interaction site for motor proteins and other proteins able to
bind microtubules.
Figure 4.2: The microtubule lattice obtained by docking the crystal structure of the tubulin
protofilament into a reconstruction of the microtubule. Sequences of α-tubulin (light) and β-tubulin
(dark) repeat along each protofilament in a longitudinal direction.
4.4 Mechanics of Microtubule
Though the structures of tubulin dimers and microtubules have been resolved at high
resolution, the physical nature of the conformational changes during dynamical instability and
the mechanical properties of microtubule have not been established. Extensive efforts had been
made to investigate the mechanics of microtubule, both experimentally as shown in Table (4.1), and
computationally as shown in Table (4.2). However, the determination of the mechanical properties
of the microtubule is not a easy task due to its nonlinear, history-dependent stress-strain relationship.
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4.4.1 Experimental measurement
With regard to the flexural rigidity of microtubules, orders of magnitude discrepancy
is noted in the current literature when using different experimental techniques, such as optical
tweezers (Felgner et al., 1996), thermal fluctuation (Gittes et al., 1993), buckling force measurement
method (Kikumoto et al., 2006) and hydrodynamic flow (Venier et al., 1994), resulting in values of
Young’s modules between 1±0.3 MPa (Felgner et al., 1996) to 2.19 ±0.18 GPa (Shingyoji et al.,
1998). Since microtubule are the major stiff structured elements within a cell, it is impossible to
rationally establish cell mechanical responses with a three order magnitude discrepancy in published
values of the Young’s modulus. All of the methods mentioned assumed that the microtubule was a
homogeneous and isotropic slender elastic rod. This assumption is questionable, since experimental
evidence that microtubules are highly anisotropic structures (Kis et al., 2002). The persistence length
of the microtubule, which quantifies the flexural rigidity, is 5, 200µm showing that microtubules are
rigid over cellular dimension and able to organize nearly linear protein pathways for intracellular
traffic.
Published values for shear modulus ascribed to a microtubule also exhibited marked
discrepancies ranging from 1.4 Pa to 1.4 MPa (Janmey et al., 1991; Kis et al., 2002; Tolomeo and
Holley, 1997; Sato et al., 1988). The diversity of shear modulus may be explained by different
magnitudes of the lateral shearing forces applied and corresponding extrapolations of deformation
angle (Tuszyn´ski et al., 2005).
4.4.2 Computational estimations of bulk moduli
Moduli estimates can also be obtained by detailed computational modeling of the com-
ponents of a microtubule. For example, (Kasas et al., 2004) used finite element method (FEM) to
validate assumptions of the analytical model, which had been used by Kis et al. (Kis et al., 2002).
Every single tubulin molecule was modeled as a 3D uniaxial element with tension, compression,
torsion, and bending capabilities resulting in 2 GPa for the Young’s modulus and 1.4 MPa for the
shear modulus. Later, Deriu et al. (Deriu et al., 2007) evaluated the elastic constants of each of the
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Table 4.1: Microtubule stiffness measured by AFM and other experimental techniques
Refs Young’s modulus
E(GPa)
Flexural rigidity
EI(×10−23Nm2) Method
(Venier
et al., 1994)
(3.1± 0.9)× 10−3
Taxol: (3.1± 0.6)× 10−3
Taxotere (2.7± 1.2)× 10−3
5.2× 10−3
Taxol: 2.1× 10−3
Taxotere 4.5× 10−3
AFM
(Kis et al.,
2002)
(20± 10)× 10−3 0.03 AFM
(de Pablo
et al., 2003)
0.8 1.34 SFM
(Felgner
et al., 1996)
Relex Wiggle
Taxol 0.6 1.1
Pure 2.2 2.8
MAPS 9.6 10.8
Relex Wiggle
Taxol 0.6 1.1
Pure 2.2 2.8
MAPs 9.6 10.8
Optical tweezer
(Kurachi
et al., 1995)
Taxol 0.08− 0.52
MAPs: 2.0− 7.2
Taxol 0.13− 0.86
MAPs: 3.4− 12.0
Optical trapping
forces
(Gittes
et al., 1993)
1.2 2.15
Thermal fluctua-
tions in shape
(Venier
et al., 1994)
0.5 0.84± 0.2
Hydrodynamic
flow and thermal
fluctuations
(Gittes
et al., 1993)
1.4 Naked GDP MTs: 2.6
Hydrodynamic
flow and thermal
fluctuations
two monomers together with the interaction between them by means of molecular dynamics (MD)
simulations. The mechanical properties were examined by finite element method (FEM), and a
Young modulus of 1.66 GPa was reported for the microtubule under axial tension. During the axial
test, the displacements of all nodes were constrained to the longitudinal direction, and the lattice
model of microtubule was represented by elastic spring element which made this model impossible
to offer resistance to bending. An all-atom model of a complete MT was constructed by Wells
et al. (Wells and Aksimentiev, 2010), and MD simulation was used to determine its mechanical
properties. The stretching of the microtubule was found to reduce its radius, and nonlinear axial
stress-strain behavior was revealed with a softening under extension resulting an average Young’s
modules of 1.2 GPa. Deriu et al. (Deriu et al., 2010) proposed a coarse-grained model, which
could simulate entire microtubule with lengths up to 350 nm. The mechanical investigation was
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performed by means of normal mode analysis and the rotation-translation of blocks (RTB) method
(Tama et al., 2000; Durand et al., 1994), and the bending stiffness and Young modulus were es-
timated based on the lowest-frequency normal modes. Their study suggested that the stretching
stiffness was length-dependent, decreasing as the microtubule length increasing. Also, by using
the Timoshenko beam theory and the approximation of a transversely isotropic structure for the
microtubule, a stretching modulus of 1.1 GPa and shear modulus of 0.05 GPa were evaluated,
which were in agreement with the experimental results measured by Kis et al. (Kis et al., 2002)
by atomic force microscope (AFM) resulting the shear modulus two orders of magnitude lower
than the Young’s modulus. Although computational molecular simulations are limited by the small
length and timescales and rely on the accuracy of the assumed force field, it might help shed light
on the understanding of the structural and functional importance of flexibility and the determination
of the mechanical properties of microtubule.
Table 4.2: Microtubule stiffness measured by computational modeling and simulations
Refs Young’s modulus
E(Gpa)
Shear modulus
G(Gpa)
Length
L(µm)
Method
(Kasas et al.,
2004)
2.0 1.4×10−3 2.0 FEM
(Deriu et al.,
2007)
1.66 − 1.0 FEM
(Wells and
Aksimentiev,
2010)
1.2 − 0.25 MD simulation
(Deriu et al.,
2010)
1.1 0.05 0.35
MD simulation +
Anisotropic elas-
tic network model
As can be discerned by the brief overview above of the current state of experimental and
computational measurement on the mechanical properties of microtubule, there is considerable
scope at present to provide quantitative links between atomistic scales and biological functions
and mechanical behavior of microtubule at the macroscopic level. As shown in Table (4.2), the
level of modeling resolution varies from all-atom model, MD simulation (Wells and Aksimentiev,
2010), to coarse-grained (CG) model, elastic network model (Deriu et al., 2010), even to continuum
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model, beam or shell models constructed by finite element method (Kasas et al., 2004; Deriu et al.,
2007). However, once the overall mechanical behavior of entire 7-10 µm long microtubule is
investigated, the biomolecular system is too large to be tacked with the standard all-atom models
even atomic coarse-grained models. Hence, there is a strong need for model reduction techniques
to reduce the computational costs and storage requirements. In this study, model reduction by the
implementation of principal orthogonal decomposition (POD), applied with normal modes analysis
(NMA), on atomic coarse-grained models enables the computation of the collective motions of
entire microtubule. A continuum model, which can be considered as a macroscale representation
of coarse-graining, is constructed based on knowledge of the structural fluctuations obtained by
atomic CG model simulations. This continuum model further is implemented with finite element
method (FEM), which is used in computing the mechanical properties of microtubules responding
to biomechanical stimuli at the cell level.
4.5 Atomic CG-SOP model of microtubule
Coarse-graining is a method of reducing the complexity of the system by clustering groups
of atoms into new coarse-grained (CG) sites, which are kind of quasi-particle interacting through
effective interactions (Mickler et al., 2007). Figure 4.3 exemplifies Coarse-graining procedure
for constructing a SOP model of a αβ-tubulin dimer. The amino acid residues are replaced by
single interaction centers (spherical beads) with the coordinates of the Cα-atoms (represented by
the black circles). Four representative circles are shown to exemplify the coarse-graining process.
Consequently, the protein backbone is replaced by a collection of the Cα-Cα covalent bonds with
certain the bond distance.
Here, in order to extract mechanical properties at acceptable computational cost, a coarse
graining self-organized polymer (SOP) model at atomic level is used, which provides a topology-
based description of the polypeptide chain of proteins to describe the mechanical properties of
biomolecules. In this model, the full atomic structure is replaced by backbone of Cα atoms with
assumed interaction forces. The total energy function in terms of Cα coordinates for the microtubule
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Figure 4.3: Coarse-graining procedure for constructing a SOP model of a αβ-tubulin dimer. The
amino acid residues are replaced by single interaction centers (spherical beads) with the coordinates
of the Cα-atoms (represented by the black circles). Within a cutoff distance Rc around the central
residue i, the residue pairs are subject to an interacting force.
structure is given by
VSOP =VFENE + VATT + VREP
=−
N−1∑
i=1
k
2
R20 log[1−
(ri,i+1 − r0i,i+1)2
R20
] +
N−3∑
i=1
N∑
j=i+3
εh[(
r0i,j
ri,j
)2 − 2(r
0
i,j
ri,j
)6]∆ij
+
N−2∑
i=1
εl(
σ
ri,i+2
)6 +
N−3∑
i=1
N∑
j=i+3
εl(
σ
ri,j
)6(1−∆ij),
(4.1)
with ri,j the distance between two interaction Cα sites i and j, and r0i,j the value in their native
structure. The interactions are classified as bonded and non-bonded. The interactions described in
the first term VFENE in Eqn (4.1) are the backbone chain connectivity. For non-bonded interactions,
the second term VATT in Eqn (4.1), a Lennard-Jones-like potential, accounts for interactions that
stabilize the native state. The last two terms in Eqn. (4.1),VREP , describe the nonnative potential that
can be considered to account for the space-filling properties of the molecule to prevent interchain
crossing.
In the atomic CG-SOP model, it is assumed that when the non-covalently linked residues i
and j (|i− j| > 2) are within the cutoff distance Rc = 8A˚ in the native state, i.e., rij < Rc, then
55
∆ij = 1, and zero otherwise as shown in Fig (4.3). The value of εh in the second term in Eqn
(4.1) specifies the strength of the non-bonded interactions that stabilize the native state. The typical
values of εh range between 1.0kcal/mol and 1.5kcal/mol, depending on the secondary structure
of interest. All the native contacts can be divided into five groups (contact types) associating
with different values of εh as shown in Fig (4.5): (1) the intra-monomer contacts in the α-tubulin
monomers; (2) the intra- monomer contacts in the β-tubulin monomers; (3) the intra-dimer contacts
that stabilize dimer’s structure; (4) the longitudinal inter-dimer contacts between any two dimers
along the MT cylinder axis; and (5) the lateral inter-dimer contacts between the α-tubulin monomers
and between the β-tubulin monomers in adjacent protofilaments. Additional constraint are imposed
on the bond angle formed by residues i, i+ 1, and i+ 2 by including the repulsive potential with
parameters εl = 1kcal/mol and σ = 3.8A˚, which quantify the strength and the range of repulsion,
respectively.
The total intramolecular potential VSOP of N CG sites can be expressed as a series expan-
sion in the fluctuations ui of each CG coordinate as
VSOP =V0 +
N∑
i=1
(
∂VSOP
∂ui
|ui=0)ui
+
1
2
N∑
i=1
N∑
j=1
(
∂2VSOP
∂ui∂uj
|ui=0,uj=0)uiuj + · · · ,
(4.2)
where the first term on the right side of the equation V0 is the reference state potential which can
be set as V0 = 0. The second term in Eqn.4.2 can be rewritten in the matrix form Fintu, where
Fint ∈ R3N is the internal force of the system at the reference state,
Fint =
N∑
i=1
(
∂VSOP
∂ui
|ui=0). (4.3)
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Contact types εh(kcal/mol)
Intra-α tubulin
(yellow) 1.8
Intra-β tubulin
(red) 1.9
Intra-dimer
(green) 1.7
Inter-dimers
(blue) 1.0
Inter-PFs
(orange) 0.9
Figure 4.4: (a) Different types of native contact between CG sites in SOP model and associating
values of εh.
Also, the third term can be rewritten in the matrix form as 1
2
uTHu, where the Hessian matrix
H ∈ R3N×3N is the second derivatives of the potential function VSOP ,
H =
N∑
i=1
N∑
j=1
(
∂2VSOP
∂ui∂uj
|ui=0,uj=0). (4.4)
As depicted in Fig (4.2), the microtubule is a hollow structure built from 13 protofilaments,
and the dimers are aligned along the three-start helix, which is consistent with B-lattice microtubules
structure (Song and Mandelkow, 1993). For the all-atom model of a 72.54 nm long fragment
of microtubule, it consists of 234 monomers and ∼ 6,000,000 atoms. Here, this fragment of
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microtubule was modeled by atomic CG-SOP model, the size of the molecular system has reduced
to ∼ 100,000 Cα atoms.
Figure 4.5: Reduction in computational complexity from full atom model to CG-SOP model of
microtubule fragment.
Figure 4.6: CG-SOP model subjects to different types of external forces Fext, that principally
induce (a) stretching / compression, (b) shearing, (c) bending, (d) twist.
Atomic CG-SOP simulations on microtubule fragment were run for different types of
external forces Fext, including stretching, compression, shearing, bending and twist as shown in
Fig(4.6). During the simulations, a constraint was applied to the center-of-mass of each of the
monomers on the bottom, while the external forces were distributed among the Cα of the extremal
monomers. Newton-Raphson algorithm for nonlinear system was implemented to solve the system
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of equations,
f(u) = Fint(u)− Fext = 0. (4.5)
Instead of solving exact solution u of Eqn. 4.5, the algorithm was stoped once the equation satisfied
within an allowed tolerance or error, ε, and an approximation u˜ is obtained . In mathematical terms
this is expressed as
f(u˜) < ε = 10−7pN. (4.6)
4.6 Reduced normal mode analysis
The motion of individual atoms in biomolecular systems is highly correlated, and it is
efficient to represent collective motion through the normal modes of the system obtained by solving
the eigenproblem
HV = VΛ, (4.7)
which yields eigenvalues Λ (vibrational frequencies) and eigenvectors V (vibrational normal
modes). Typically, the functionally relevant modes correspond are those of lower frequencies. The
essential step of normal mode analysis is the diagonalization of the Hessian matrix H, however, this
diagonalization is computational demanding, both of CPU time and memory, depending the size of
the biomolecular system. Hence, The high computational cost of direct solution of the eigenproblem
for the matrix H of size 3N× 3N can be avoided by projection to a reduced n-dimensional space
with n n 3N . The eigenvectors V of the original Hessian matrix are approximated by
V ∼= BnW, (4.8)
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where Bn ∈ R3N×n is a basis set matrix that captures substructures within the biomolecule and
each column of the matrix W ∈ Rn×3N contains the coefficients that reconstruct an eigenvector
approximation as a linear combination of the basis set vectors. Of course, if n = 3N , then for
B = V, W = I the exact eigen-modes are recovered (denoting B = B3N ).
The key prerequisite for an efficient reduced normal mode analysis is that the basis set
Bncaptures the main features of a microtubule fragment?s mechanical response. To this end, Bn is
obtained from principal orthogonal decomposition of the correlation matrix C of Cα atom positions
for various types of applied forces (stretching, bending, twist, shear). A data set matrix
U = [u1,u2, · · · ,um] ∈ R3N×m (4.9)
is constructed from the static equilibrium positions of the Cα atoms under m combinations of
external force types and amplitudes obtained from the CG-SOP model. The correlation matrix
C ∈ R3N×3N is defined as
C = UUT . (4.10)
By definition, C is a symmetric positive semidefinite matrix with real, nonnegative ordered eigen-
values σ21 ≥ · · ·σ23N ≥ 0. Introducing the singular value decomposition
U = BΣST , (4.11)
where B ∈ R3N×3N orthogonal, S ∈ Rm×m orthogonal, Σ ∈ R3N×m+ quasi-diagonal with
σ1, · · · , σm on the main diagonal and zeros on lines m+ 1 to 3N . It results that
CB = BΣΣT , (4.12)
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hence the left singular vectors B of the displacement data set U are also the eigenvectors of
correlation matrix C. The basis set Bn is chosen as the first n, principal orthogonal modes from B.
In practice, the singular values σ1, · · · , σm and right singular vectors S are first determined
by solving the eigenproblem for the smaller dimensional matrix
C′ = UT ×URm×m. (4.13)
The left singular vectors B are subsequently recovered from the relation
BΣ = US, (4.14)
explicitly the ith left singular vector is
bi = σ
−1
i Usi, (4.15)
with si the ith right singular vector. Since m 3N , this i procedure is economical.
A lower-dimensional eigenproblem for the projected Hessian matrix
HnWn = WnΛn, (4.16)
is obtained, with
Hn = B
T
nHnBn ∈ Rn×n, (4.17)
where Wn a matrix formed from the first n columns of W, and Λn an n× n diagonal matrix. Note
that principal modes of the correlation matrix used in construction of Bn capture the most important
contributions to the mechanical response and correspond to the functionally relevant modes, i.e.,
the mode reduction procedure provides approximations of the low-frequency eigen-modes of the
Hessian matrix H.
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4.7 Data-driven beam model of microtubule
It seems a huge jump from atomic scale to the continuum scale. However, for certain
biological phenomena, such as mitosis or cilia beating, the extensive information of each atom is
no longer appreciated or desirable for the capture of key features of the biomolecular system. In
this context, the level of coarse graining is loosing to macroscale and this biomolecular system is
considered as a continuum which is governed by its specific constitutive equation. Finite element
method is often used with continuum model by assuming that the biomolecular system can be
modeled by certain type of element, such as thin shell element to model membrane or beam element
to model cytoskeleton component. For example, Kasas el at. used finite element method (FEM) to
characterize the mechanical properties of microtubule, which every single tubulin molecule was
modeled as a 3D uniaxial element with tension, compression, torsion, and bending capabilities.
FEM is often used to validate the parameters that influencing mechanical properties by comparing
the mechanical behavior predicted by FEM with the experimental observations. However, for the
implementation of FEM, the mechanical properties of the assembling units, such as the Young’s
modulus and shear modulus, are prerequisites.
Through normal mode analysis, the number of degrees of freedom required to describe
deformation of a microtubule fragment of length L = 72.5 nm (18 microtubule spirals) is reduced
from 3N ∼ O(3 × 105) to n ∼ O(10). Though this is a significant reduction in computational
complexity, that yet maintains the main features of the mechanical response, most interesting
biological applications require consideration of microtubules of length on the order of microns
(e..g, the cilium axoneme is typically of 7µm length). For such applications the microscopic
details of Cα positions become irrelevant, and the main interest is to accurately characterize the
response to commonly encountered types of mechanical loads. The results from the reduced normal
mode analysis are now used to construct a beam element as is typically used in finite element
analysis. In marked contrast to standard finite element types no assumptions are made a priori on
the deformation behavior.
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Figure 4.7: When the whole microtubule is divided into small segment/fragment, the overall
behavior of the microtubule is determined by the translation and rotation of each segment. Thus, the
overall behavior of the microtubule is determined by the translations and rotations of each fragment
which can be evaluated by the cross-sections at two ends.
In the approach adopted here, a data-driven beam model (DDBM) is constructed and
parameterized by approximating the behavior of the CG-SOP model in a least-squares sense to
reproduce the characteristic dynamics of the system. There is no a priori assumption on mechanical
moduli, since the mechanical characterization is intrinsically embedded in stiffness matrix during
the parameterization. The MTDDBM has two nodes and carries axial forces, shear forces, and
twisting and bending moments as shown in Fig (4.7).
As shown in Fig (4.8), each element has two nodes at its two ends, and each node has six
degrees of freedom, three translations {u, v, w} and three rotations {θx, θy, θz}. Over some range of
deformations the forces fb in the MTDDBM in response to imposed deformations ub are given by
fb = Kb(u¯b)ub, (4.18)
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Figure 4.8: MTDDBM: microtubule-beam element is used to represent microtubule fragment.
with Kb(u¯b) ∈ R12×12 the element stiffness matrix with respect to reference deformation state u¯b.
Physical considerations impose that Kb is symmetric positive definite, and hence can be written as
Kb = VbΛbV
T
b . (4.19)
The normal modes of the DDBM Vb ∈ R12×12 are obtained by selecting dominant modes from
the reduced basis set, and averaging the deformations at the ends of the microtubule as shown in
Fig (4.9). In this work, the 12 modes Bb ∈ R3N×12 used in constructing Vb are six rigid body
Figure 4.9: The normal modes of MTDDBM Vb are obtained by selecting dominantmodes from
the reduced normal mode analysis of the atomistic CG-SOP model.
motions, and 1 extensional, 2 orthogonal shearing, 2 orthogonal bending modes, and 1 twisting
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mode from Bn=24. Note that the modes within Bn=24 all exhibit some degree of coupling between
stretch, shear and bending. Nonetheless, dominant deformation types are readily discernible and
used in the identification of a mode from Bn=24 being dominated by a particular type of deformation
(e.g.,bending). The translational and rotational displacements in Vb are obtained as arithmetical
averages of those in end regions of thickness δ = 4 nm within Bb (recall that total segment length is
L = 72.5 nm).
The eigenvalue matrix Λb ∈ R12×12 is the unknown. The output deformations USOP ∈
R3N×m of the atomic CG-SOP simulations and the corresponding external forces FextSOP ∈ R3N×m
can be averaged to two nodes of the microtubule-beam element to obtain nodal displacements
Up ∈ R12×m and nodal forces Fextp ∈ R12×m. Then, the eigenvalue matrix Λb can be calculated by
lease-square fitting by
Λ := arg min
Keb
m∑
i=1
||fp,i −Kebup,i||2 = min
Λ
m∑
i=1
||fp,i −VbΛbVTb up,i||2, (4.20)
over all m cases of molecular simulation, where ub,i, fb,i are the ith columns of Ub,Fb.
4.8 Result
First, nonlinear behavior and coupling between various deformation modes (stretching,
bending, twist) are exhibited through results from the CG-SOP model. Second, the dominant
deformation modes of a microtubule fragment are obtained through reduced normal mode analysis.
The dominant modes are used to construct the stiffness matrix for the MTDDBM, which is compared
to that for an Euler-Bernoulli beam element. Finally, a number of applications of the MTDDBM are
presented including bending and vibrational modes of a microtubule of 6.7µm length.
4.8.1 Atomistic microtubule deformation data
A database of m = 560 mechanical responses was constructed from the CG-SOP model.
External forces were uniformly distributed to Cα atoms within additional monomers placed at
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the ends of the L = 72.5 nm structure for the mechanical deformation response was recorded.
Forces were applied in equal increments between the following limits: from Fmin = −2.04 nN
to Fmax = 2.04 nN (stretching, 50 cases), Smin = −1.04 nN to Smax = 1.04nN (shearing, 180
cases), Mmin = −35.87 nN nm to Mmax = 35.87 nN nm (bending, 130 cases), Tmin = −40 nN
nm to Tmax = 40 nN nm (twist, 200 cases). The notations F, S refer to normal, tangential (shearing)
forces, and M , T to bending, twisting moments. The external forces were chosen to cover the
ranges expected for a microtubule fragment of length L in typical situations such as cell separation
produced by the mitotic spindle or ciliary beating. Increments were chosen to more finely investigate
the deformation modes that lead to significant changes of the Cα positions (i.e., shearing and twist),
including possible topology changes. Extensional deformations during stretching or bending were
observed to maintain Cα topology though, of course, interatomic distances change in response
to applied forces. Typical results of the atomistic CG-SOP simulation are shown in Fig (4.8.1),
including the force-deformation curves for stretching, bending, twist.
a b c
Figure 4.10: SOP simulations, schematic diagrams of deformation and force- displacement plots.
The displacement δz is linear for small loads during stretching (Fig 4.8.1.a). During com-
pression from F = 0 to F = 0.1Fmin a nonlinear response is observed and indicates reorganization
of the Cα backbone positions, in many ways similar to the buckling of an elastic beam, followed
by a linear response down to the Fmin = −2.04nN limit considered in these simulations. The
non-linear response during extensional loads invalidates deformation hypotheses used in standard
beam theories that assume a linear stress-strain relationship in a beam cross-section, and highlight
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the need for more realistic beam models of microtubule mechanical behavior. Young’s moduli can
be obtained for the linear portions of the extensional behavior. The cross section of the microtubule
is formed by 13 touching protofilaments of radius r = 2.03 nm placed on a circle of radius r0 = 10
nm, with an area of A = 168.3 nm2. A Young’s modulus value of Estretch = 0.84 GPa, results as
the slope of least squares fit of F = (EstretchA/L)δz to the data. During compression the modulus
becomes Ecompress = 0.40 GPa.
Figure 4.11: Force-displacement plots: (Left) Stretching atomistic CG-SOP simulations of mi-
crotubule fragment. The arrows indicate the direction of force. Total axial displacement δz along
z-axis versus force F is plotted. (Middle) Bending atomistic CG-SOP simulations of microtubule
fragment. The arrows indicate the moment. Total angular displacement δθy along y-axis versus
moment M is plotted. (Right)Twist atomistic CG-SOP simulations of microtubule fragment. The
arrows indicate the torque. Total angular displacement δθz along z-axis versus torque T is plotted.
The bending response (Fig 4.8.1.b) is slightly different between clockwise and counter-
clockwise applied moments. The Young’s moduli from the least squares fit of M = (EbendI/L)δθy
results as Ebend,CCW = 0.86 GPa and Ebend,CW = 1.04 GPa, with second area moment of inertia
I = 10, 616 nm4. Anisotropic response is also observed for twisting, with shear moduli from
least squares fit of T = (GJ/L)δθz resulting as G = 0.106 Gpa for clockwise (CW) twist and
G = 0.094 Gpa for counterclockwise (CCW) twist, with polar moment of inertia J = 21, 233 nm4.
For both bending and twist the asymmetric response results from the polar spiral structure of a
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microtubule. Again, this contradicts the assumed deformation behavior in standard beam models.
It is also notable that bending in one plane induces bending in the orthogonal plane. This is most
readily shown (Figure 5) in CG-SOP simulations of a protofilament. The assembly of multiple
protofilaments in a microtubule diminishes this effect somewhat, but it still remains as shown in
reduced mode results below.
The output deformations of the atomic CG-SOP simulations have been used to create a
basis set by the principal orthogonal decomposition (POD), subsequently employed in the normal
mode analysis (NMA) in following sections.
4.8.2 Reduced atomistic normal modes
While the CG-SOP simulations provide detailed positions for individual Cα atoms, the
results of the reduced normal mode analysis show the correlations that exist between Cα motions.
In preparation for the construction of a beam model, a longer L = 120 nm microtubule segment is
considered since beam models typically assume the ratio of cross-section length to beam element
length 2r0/L is 0.2 or less. At L = 120 nm, the resulting ratio is 2r0/L = 0.17. Typical results of
the reduced normal mode analysis are shown in Fig (4.13), highlighting the dominant deformation
modes. In all cases, coupling is observed between extensional, bending, twist deformations.
Nonetheless, dominant deformation modes can also be readily observed in each of the modes.
Noteworthy is the clear disruption of the atomic structure during compression.
4.8.3 Microtubule data-driven beam model
Identification of the dominant modes allows construction of a beam element. It is useful to
compare the data-driven approach used here and the resulting beam element to standard beam models.
Typically, the Euler-Bernoulli beam model (EBBM) is obtained through specific assumptions on the
deformation behavior of a long, slender elastic medium. The main assumptions are that bending
deformations remain in one plane and the stress in the beam cross-section varies linearly with
respect to distance from an undeformed mean fiber. The result of the analysis is the beam stiffness
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Figure 4.12: Bending deformation response of a protofilament. Each dot corresponds to the
magnitude of a bending moment applied at extremal tubulin dimers at the angle in the xy indicated
at end of locus of point sequence. The resulting deformation angles are shown as abscissa and
ordinate values. In-plane bending would be represented as radial locii, but the protofilament exhibits
marked deviation from in-plane bending.
matrix
KEB = DCEB, (4.21)
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a b c
Figure 4.13: Normal modes of 72.54 nm long microtubule fragment: three characteristic non-rigid
body motions, (a) compression, (b) bending, and (c) twist.
expressed in non-dimensional terms with respect to reference force EA and reference length L, and
with
D = Diag(1, 6α, 6β, γ, 2β, 2α, 1, 6α, 6β, γ, 2β, 2α), (4.22)
where
α =
Ix
AL2
, (4.23)
β =
Iy
AL2
, (4.24)
γ =
J
2(1 + ν)AL
. (4.25)
In general, a beam stiffness matrix Kb expresses a locally valid linear relationship between nodal
forces fb and nodal displacements ub as
Kbub = fb, (4.26)
where nodal displacements
ub = (u1, v1, w1, θx1, θy1, θz1, u2, v2, w2, θx2, θy2, θz2). (4.27)
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For example, the stiffness matrix KEB of a three-dimensional linear elastic element based
on Euler-Bernoulli beam theory is obtained by combining the matrices of the truss element in space
and that of Euler-Bernoulli beam elements together, where
KEB =

AE
L
0 0 0 0 0 −AE
L
0 0 0 0 0
12EIx
L3
0 0 0 6EIx
L2
0 − 12EIx
L3
0 0 0 6EIx
L2
12EIy
L3
0 − 6EIy
L2
0 0 0 − 12EIy
L3
0 − 6EIy
L2
0
GJ
L
0 0 0 0 0 −GJ
L
0 0
4EIy
L
0 0 0
6EIy
L2
0
2EIy
L
0
4EIx
L
0 − 6EIx
L2
0 0 0 2EIx
L
AE
L
0 0 0 0 0
12EIx
L3
0 0 0 − 6EIx
L2
12EIy
L3
0
6EIy
L2
0
sym. GJ
L
0 0
4EIy
L
0
4EIx
L

.
(4.28)
The stiffness matrix KEB can also be obtained by the data-reduction procedure. The
analogue to the detailed microscopic model would now be the standard linear elasticity equations
solved using, for example, a finite element or finite volume discretization. Suffice it to say that
the results of the reduced normal mode analysis (Fig. 4.13) recover the columns of the stiffness
matrix KeEBBM, to ever greater precision as the ratio l/L of characteristic cross-section length (l)
to beam element length (L) decreases. The derivation of an Euler-Bernoulli beam element is
sufficiently simple that data reduction procedures are superfluous and supplanted by human intuition
on appropriate deformation hypotheses. Such hypotheses are impossible to cogently formulate
for systems with a complicated structure such as a microtubule fragment. The main purpose of
the observation in this paragraph is to highlight how data reduction procedures can replace ad
hoc deformation hypotheses in these types of situations, prevalent in biological applications. The
success of Euler-Bernoulli models in reducing the detailed deformation behavior given by solution
of the elasticity equations to a simple linear relation Kbub = fb, is is explained by the large mode
separation in the singular values σ1,2,3  σk for k > 3. In essence, all mechanical response is
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dominated by the principal bending, extension and shear modes. The corresponding eigenvalue
shows significant mode separation, albeit not as clear-cut as the previous case. This mode separation
indicates that an efficient yet accurate beam-like model of microtubule mechanical can be educed
from atomistic simulation data.
The MTDDBM stiffness matrix
KeDD = VbΛbVb, (4.29)
is obtained using the dominant extensional, shearing, bending and twisting modes from Bn=24, and
with ?b obtained by the least squares fit of the CG-SOP data to the dominant modes included in Vb.
To highlight the differences of the resulting beam element to behavior of an Euler-Bernoulli beam,
the simulation data is also used to recover best fit values for the elastic moduli by solving the least
squares problem
{E,G} := arg min
{E,G}
m∑
i=1
||Fp,i −KEB(E,G)up,i||2. (4.30)
As a result, the mechanical characteristic parameters are fitted as E = 1.1 GPa and G = 0.125
GPa. Using the formulation KeDD = DCDD allows a direct comparison of numerical values between
an Euler-Bernoulli and data-driven beam. The numerical values for CDD are computed, and a
graphical representation of the differences with respect to CEB is shown in Fig (4.14) . Note from
the values for CDD that the MTDDBM exhibits polarity with respect to rotational displacements
induced by the polarity of the spiral structure of a microtubule.
The stiffness matrix coefficients are
CDD = (cu, cv, cw, cx1, cy1, cz1, cu,−cv,−cw,−cx2, cy2, cz2). (4.31)
72
The coefficients for the translational displacements for the MTDDM and Euler-Bernoulli best fit are
Ctr =

1.0187 0.0091 −0.0034
0.7318 1.0541 −0.0018
−0.3141 −0.0020 1.2035
0.2684 0.0518 −0.4233
−0.7056 −0.0229 −1.9212
0.9588 1.5857 −0.0237
−1.0187 −0.0091 0.0034
−0.7318 −1.0541 0.0018
0.3141 0.0020 ?1.2035
−0.2684 −0.0518 0.4233
1.6478 0.0290 −1.6892
1.2368 1.5767 0.0184

,Ctr, EB =

1 0 0
0 2 0
0 0 2
0 0 0
0 0 −3
0 3 0
−1 0 0
0 −2 0
0 0 −2
0 0 0
0 0 −3
0 3 0

, (4.32)
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with Ctr = (cu, cv, cw) the linear displacement modes. The coefficients for rotational displacements
Crot = (cx, cy, cz) at node 1 are
Crot,1 =

0.0001 −0.0025 0.0040
0.0013 −0.0066 0.5286
−0.0127 −0.6404 −0.0091
1.0937 0.3094 −0.7227
0.02791 .5284 −0.0555
−0.0564 −0.0481 1.3593
−0.0001 0.0025 −0.0040
−0.0013 0.0066 −0.5286
0.0127 0.6404 0.0091
−1.0937 −0.3094 0.7227
0.0103 0.3928 0.0828
0.0605 0.0282 0.2264

,Crot,1, EB =

0 0 0
0 0 1
0 −1 0
1 0 0
0 2 0
0 0 2
0 0 0
0 0 −1
0 1 0
−1 0 0
0 1 0
0 0 1

, (4.33)
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while those for rotational displacements at node 2 are
Crot,2 =

−0.0001 0.0059 0.0051
−0.0013 0.0084 0.5256
0.0127 −0.5631 0.0071
−1.0937 0.1139 0.7745
−0.0279 0.3928 0.0325
0.0564 0.0717 0.2264
0.0001 −0.0059 −0.0051
0.0013 −0.0084 −0.5256
−0.0127 0.5631 −0.0071
1.0937 −0.1139 0.7745
−0.0103 1.2964 0.0537
−0.0605 −0.0466 1.3503

,Crot,2, EB =

0 0 0
0 0 1
0 −1 0
−1 0 0
0 1 0
0 0 1
0 0 0
0 0 −1
0 1 0
1 0 0
0 2 0
0 0 2

, (4.34)
The two-node MTDDBM element introduced here considers one longitudinal deformation,
two shearing, two bending, and one twisting mode per node in order to be of the same complexity as
an Euler-Bernoulli beam model. In so doing the asymmetry between compression and extension or
between orientations of applied moments that is observed in the CG-SOP results is not captured, and
replaced by a linear average over the directions of the applied force. Higher-order beam models can
readily be constructed by the same procedure should the asymmetric response to loading direction
be of direct relevance.
4.8.4 Cantilever structure with tip load
A cantilever of 6720 nm length is constructed from 70 MTDDBMs of length L = 96 nm,
and is loaded by a point force that varies form 0 to P = 0.8 pN along x-axis at its free end. The
initial and deformation configuration of the cantilever is shown in Fig (4.15.a). The analysis is
completed in 10 load increments, and the deformation state u¯b around which the stiffness matrix
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.Figure 4.14: Visualization of coefficient matrices for EEBM and MTDDBM.
Kb(u¯b) is formulated is updated from the previous loading step. As shown in Fig (4.15.b), the load
displacement δx is linear for small loads, but as the load increases the curve is clearly nonlinear.
This is well-known behavior for structural finite elements referred to as geometric nonlinearity,
and induced by changing the reference state u¯b as the loading increases. As the load increases
further the structure becomes stiffer, which is caused by tension stiffening of the beam element in
its deformed configuration and the off-plane deformation. For the microtubule-beam model of a 7
a b
Figure 4.15: (a) A cantilever structure constructed by microtubule-beam element is loaded by a
point load P at its free end. (b) Displacement versus load plot.
µm long microtubule, the cross-sectional area is A = 168.3 nm2, and second area moment of inertia
is I = 1.062 nm4. Then a linear fit to the averages yields a Young’s modulus of 1.02 GPa for small
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deformation based on Euler-Bernoulli beam theory, by using δ = PL
3
3EI
, and the structure becomes
stiffer as load increasing. Note that this value differs with respect to the best fit of the atomistic
CG-SOP data of E = 1.1 GPa by 7%, highlighting that fitting experimental data to incorrect models
of deformation behavior can lead to erroneous mechanical moduli estimates.
The cantilever structure of a 1 µm long microtubule constructed by elastic element and
microtubule-beam element are loaded by a point force P = 10 pN at its free end along x-axis
, and the deflection for the three dimensional elastic beam model against the microtubule-beam
model is plotted in Fig (4.16). The the load-displacement plots in Fig (4.16.a-b) show that the
difference of bending responses of these two models along the direction which force applied is
less than 1%, but the off-plane behavior can only be captured by the microtubule-beam model.
A comparison to Euler-Bernoulli beam behavior is presented in Fig (4.16), using the best fit of
mechanical moduli to the CG-SOP results (E = 1.1 GPa, G = 0.125 GPa) for a shorter 0.96 µm
long microtubule segment (so as to avoid geometric nonlinearity) discretized into 10 elements and
loaded up to P = 10 pN at its free end along x-axis. Since both the EBBM and the MTDDBM are
fitted to the same database of atomisitic CG-SOP results, the differences for in plane bending are
small, less than 1% (Fig (4.16), Left, Middle). The out-of-plane deformation along the y-axis even
though the force is in the x-direction is only captured by the MTDDBM (Fig (4.16), Right), and is
approximately 10% of the in-plane displacement.
The twist response of an 0.96 µm long microtubule segment constructed from 10 MTDDBM
elements is presented in Fig (4.17.a). A cantilever structure constructed by microtubule-beam
element is loaded by a point torque T = 1 nN·nm at its free end. The analysis is completed in
10 load increments. As shown in Fig (4.17.b), the load displacement δθz is linear for small loads.
Under the assumption of an isotropically elastic material, the shear modulus is evaluated as G = 0.1
GPa, by using δθ = TL
GJ
with polar moment of inertia J = 2.123 nm4. A 20% error with respect to
the best-fit of the CG-SOP data, G = 0.125 GPa, again bringing out the possible errors in moduli
estimation arising from incorrect deformation behavior assumptions.
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ab c
Figure 4.16: (a) Cantilever structure constructed by microtubule-beam element (dark) and 3D linear
elastic beam element (light) are loaded by a point load P at its free end along x-direction. (b)
Displacement along along x-direction versus load plot. (c) Displacement along along y-direction
versus load plot.
4.8.5 Vibrational modes of a microtubule
Knowledge of the free vibration modes of a microtubule is used in experimental estimates
of mechanical moduli, and all extant experimental studies use Euler-Bernoulli beam models to
reduce the experimental data to values for Young’s modulus E or flexural rigidity EI . In particular,
analysis of experimental data from thermal fluctuations typically assumes planar motion, and then
invokes an argument on equidistribution of thermal energy over Fourier modes of the recorded
displacement data. In doing so, the deformation energy associated with out-of-plane vibration
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a b
Figure 4.17: (a) Twist simulations. The arrows indicate the moment. (b) Total angular displacement
versus Torque plot.
is neglected. Microtubule relaxation times estimated using Euler-Bernoulli hypotheses are also
subject to error since the deformation mode coupling exhibited by atomistic simulations induces
stronger, more dissipative hydrodynamic flows. A full presentation of the use of the MTDDBM
to extract properties from thermal fluctuation experiments will be presented elsewhere. Here, the
magnitude of possible errors is estimated by consideration of the lowest vibrational frequencies
of a microtubule of length 6720 nm obtained from an eigendecomposition of the stiffness matrix
obtained by assembly of 70 MTDDBM elements. The six resulting lowest frequency vibrational
modes are shown in Fig (4.18).
For an Euler-Bernoulli beam bending modes in orthogonal directions (i.e., within the zx
or xy planes) would have identical frequencies. The asymmetry associated with the microtubule
spiral structure induces mode-splitting and is captured by the MTDDBM results (Fig (4.18)). The
Euler-Bernoulli free vibration wavelengths and frequencies result from solving the characteristic
equation
∆(ζ) = (cosh ζ − cos ζ)2 − (sinh ζ − sin ζ)2 = 0, (4.35)
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3D view 3D view 3D view
Top view Top view Top view
Figure 4.18: (Top row) Three-dimensional view of six lowest frequency modes of free vibration of
an LMT = 6720 nm microtubule fragment as determined from MTTDDBM model. (Bottom row)
Top view showing coupling of bending vibrations in orthogonal planes.
with
ζ = (ρAω2/EbI)
1/4LMT , (4.36)
where ρ is the mass density (arbitrarily taken to be ρ = 103 kg/m3) , LMT = 6720 nm the
microtubule length, with ω = 2pif and f the vibration frequency.
The lowest three frequencies fEB of the Euler-Bernoulli model and those obtained through
the MTDDBM model are presented in Table (4.3), where the scaling fDD1,1 = f
EB
1 has been imposed
to enable comparison. The important observation that is discerned from the analysis is the slower
growth of vibrational frequency with respect to mode number predicted from the MTDDBM model
by comparison to standard beam models. Whereas the fourth-order Euler-Bernoulli beam deflection
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equation (for displacements u orthogonal to the z-axis)
u(iv)(z)− α4u(z) = 0 (4.37)
leads to a quadratic frequency dependence on eigenvalue as f ∼ z2, the MTDDBM result suggests
linear growth similar to that for longitudinal vibration problems of the form
w′′(z) + γ2w(z) = 0. (4.38)
This result is readily understood as a direct consequence of the coupling between bending and
stretching or twist that is captured by the MTDDBM, allowing lower energy vibration under the
geometric constraints associated with high order modes.
Table 4.3: Comparison of free vibration frequencies of an Euler-Bernoulli model of a microtubule
with those obtained from a MTDDBM.
ζEB1 = 3.9407 ζ
EB
2 = 13.3518 ζ
EB
3 = 22.7765
fEB1 = 7.9mHz f
EB
2 = 91mHz f
EB
3 = 265mHz
fDD1,1 = 7.9mHz f
DD
2,1 = 21.6mHz f
DD
3,1 = 42.6mHz
fDD1,2 = 9.1mHz f
DD
2,2 = 25.1mHz f
DD
3,2 = 70.5mHz
81
CHAPTER 5: Applications
5.1 Introduction
The data-driven model reduction procedure presented in previous captures the coupling
between deformation types induced by the microtubule spiral structure which is absent in standard
beam models. Such effects are of special interest in order to accurately characterize the response
of cellular structures composed of multiple microtubules as in the cilia and the mitotic spindle
examples that are presented as applications in this chapter.
5.1.1 Microtubule functions
Microtubules in eukaryotic cells can be classified into two general types: axonemal micro-
tubules and cytoplasmic microtubules. The first group, axonemal microtubules, includes the highly
organized, stable microtubules found in specific structures associated with cellular movements,
e.g. cilia, flagella (Fig (5.1)) and the basal bodies to which these appendages are attached. The
central shaft or axoneme of a cilium or flagellum consists of a highly ordered bundle of axonemal
microtubules and associated proteins.
The second group of microtubules has not been recognized until the1960s. Cytoplasmic
microtubules, which are loosely organized, dynamic network of microtubules, are responsible for a
variety of functions (Newth, 1967). They maintain the axons, nerve cell extensions in mammalian
cells. Some migrating mammalian cells require cytoplasmic microtubules to maintain their polarized
shape. In plant cells, cytoplasmic microtubules govern the orientation of cellulose microfibrils
deposited during the growth of cell walls. Cytoplasmic microtubules also contribute to the spatial
disposition and directional movement of vesicles and other organelles by providing an organized
system of fibers to guide the movement (Northcote and Pickett-Heaps, 1966). Significantly, cyto-
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plasmic microtubules form the mitotic and meiotic spindles that are essential for the movement of
chromosomes during mitosis and meiosis (Ledbetter and Porter, 1963).
5.1.2 Cilia and flagella
Cilia and flagella move liquid past the surface of the cell. For single cells, such as sperm,
cilia and flagella enable them to swim. For cells anchored in a tissue, like the epithelial cells
lining our air passages, cilia and flagella move liquid over the surface of the cell (e.g., driving
particle-laden mucus toward the throat). Cilia and flagella have the same basic structure. They are
attached to structures known as basal bodies, which in turn are anchored to the cytoplasmic side
of the plasma membrane. From the basal bodies the microtubule ”backbone” extends, pushing the
plasma membrane out with it.
a b
Figure 5.1: a. SEM micrograph of the cilia projecting from respiratory epithelium in the lungs. b.
SEM image of desulfovibrio species.
Despite the similarities in structure, the difference in nature of motility by flagella versus
cilia is profound. Typically, cells possess one or two long flagella, whereas ciliated cells have many
short cilia. The main difference in function is in how they are organized. Flagella are much longer
than cilia and are usually present singly or in pairs. A single flagellum may propel the cell with
a whip-like motion. A pair of flagella may move in a synchronized manner to pull the organism
through the water, in a way similar to the breast stroke of a human swimmer. Cilia tend to cover the
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surface area of a cell. Both cilia and flagella bend as the microtubules slide past one another. The
arrangement of cilia permits their coordinated movement in response to signals from the cytoplasm.
A small ciliate may have hundreds of individual cilia, all beating in a coordinated manner.
5.2 Modeling of microtubule doublet
Microtubule doublets are structural components of axonemes that contain a number of
proteins besides tubulin, and are usually found in arrays of nine doublets arranged around two singlet
microtubules. Coordinated sliding of adjacent doublets, which involves a host of other proteins
in the axoneme, produces periodic beating movements of the axoneme. Downing et al (Sui and
Downing, 2006) have obtained a three-dimensional density map of intact microtubule doublets using
cryo-electron tomography and image averaging with a resolution of about 3 nm. The framework of
the doublet consists of two tubules: a complete microtubule containing 13 tubulin protofilaments
(A-tubule; A1-A13) and an incomplete tubule of 10 protofilaments (B-tubule; B1-B10) as shown
in Fig (5.2). The protofilaments themselves are made up of tubulin dimers consisting of α- and
β-tubulins, similar to the singlet microtubule.
a b
Figure 5.2: (a) Projection image of the final doublet density map along the longitudinal axis. (b)
Interpretation of the 3D density map. Axial view, seen form the proximal end, of the tomographic
reconstruction that was filtered to enhance 16-nm spacings, viewed as an isosurface (yellow). The
pseudo- atomic model (backbone only) fitted to the doublet density is shown in blue with labels
assigned to the protofilaments. (Sui and Downing, 2006)
While the structure of the reconstituted microtubule has been solved at atomic resolution,
nature of the axonemal microtubule doublets is still unclear. Computational modeling and simu-
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lations of microtubule doublets could bring insight into a better understanding of their intrinsic
mechanical behavior. The structure of the microtubule doublet is known from single particle
cryo-electron microscopy and tomography (Maheshwari et al., 2015), and the atom coordinates are
available at protein data bank (PDB) with accession number 3JAO.
a b
Figure 5.3: (a) Backbone representation of microtubule doublet. The atom coordinates are available
at protein data bank (PDB) with accession number 3JAO. (b) Cross-section of microtubule doublet.
A-tubule and B-tubule are fitting into two ellipses, and the dots are the center of mass of the
protofilaments.
Recall that, in the previous chapter, the element stiffness matrix can be factorized as a
multiplication of a diagonal matrix Dmech and a coefficient matrix C as
K¯e = DCDD, (5.1)
where the diagonal matrix which stores the mechanical characterization parameters of the beam
element is
D = Diag(AE,
6EIx
L2e
,
6EIy
L2e
,
GJ
Le
,
2EIy
Le
,
2EIx
Le
, AE,
6EIx
L2e
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GJ
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,
2EIy
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,
2EIx
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).
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If it is assumed that the only difference between microtubule singlet and doublet is their geometric
configuration, the element stiffness matrix KeDLT of microtubule doublet can be constructed directly
from Eqn.5.1 by modified the moment of inertia Ix and Iy. The moment of inertia of each
protofilament is computed first, then the moment of inertia of the microtubule doublet around its
axis is computed by determining the perpendicular vector from this axis to the center of mass of
each protofilament.
5.2.1 Cantilever structure with distributed force
A cantilever of 6720nm length is constructed from 70 MTDDBMs of length L = 96nm, and
is loaded by a distributed force that varies from 0 to P along the x-axis as shown in Fig(5.2.1.a). The
analysis is completed in 10 load increments, and the deformation state u¯b around which the stiffness
matrix Kb(u¯b) is formulated is updated from the previous loading step. The load displacement
δx is linear for small loads, but as the load increases the response is clearly nonlinear. This is
well-known behavior for structural finite elements referred to as geometric nonlinearity, and induced
by changing the reference state u¯b as the loading increases. As the load increases further the
structure becomes stiffer, which is caused by tension stiffening of the beam element in its deformed
configuration and the off-plane deformation. For the data-driven beam model (DDBM) of a 7 µ m
long microtubule doublet, the cross-sectional area is A = 297.76 nm2, and second area moment
of inertia are Ix = 2.3654× 104 nm4 and Iy = 4.5894× 104 nm4. As shown in Fig(5.2.1.b), with
varied directions of applied distributed forces, the anisotropic behavior of microtubule doublet is
observed.
5.3 Modeling of axoneme
Virtually all eukaryotic cilia and flagella are remarkably similar in their organization,
possessing a central bundle of microtubules, called the axoneme, in which nine outer doublet
microtubules surround a central pair of singlet microtubules in a ”9 + 2” array. Each of the two
central microtubules consists of a single microtubule with 13 protofilaments arranged to form the
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aSide view
b Top view
Cross-section 
of microtubule 
doublet
Figure 5.4: A cantilever structure of microtubule doublet constructed by MTDDBM element is
loaded by a distributed force. The arrow indicates the direction of distributed force.
wall of a circular tube. Each of the outer nine consists of a pair of microtubules that share a common
wall (see the cross sections of microtubules in the Fig5.5). As shown in Fig 5.5, each doublet
microtubule consists of A and B tubules, or subfibers: the A tubule is a complete microtubule
with 13 protofilaments, while the B tubule contains 10 protofilaments. The bundle of microtubules
comprising the axoneme is surrounded by the plasma membrane. Functional microtubules include
associated proteins, anchoring sites and organizing centers, sites for enzyme activity, etc. In cilia
and flagella, tubulin forms a core structure to which other proteins contribute structures called
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a b
Figure 5.5: a. Electron micrograph of a cross-section of a Chlamydomonas flagellum (Molecular
Cell Biology, nature review). b. Diagram of structure of ciliary and flagellar axonemes (Molecular
Cell Biology, 4th edition).
dynein arms, radial spokes, and nexin links. The arms, spokes, and links hold microtubules together
and allow interaction between microtubules that is superficially similar to the sliding of actin and
myosin filaments in muscle contraction.
5.3.1 Cantilever structure with distributed force
A cantilever of 6720 nm length is constructed from 70 MTDDBMs of length L = 96
nm, and is loaded by a distributed force that varies from 0 to P along the y-axis as shown in Fig
(5.2.1.a). The analysis is completed in 10 load increments, and the deformation state u¯b around
which the stiffness matrix Kb(u¯b) is formulated is updated from the previous loading step. The load
displacement δx is linear for small loads, but as the load increases the response becomes nonlinear.
5.4 Modeling of mitosis spindle pole separation
In cell biology, mitosis is a process that the replicated chromosomes are separated and
moved to the opposite ends of the cell depending on the action of mitotic spindle. Prometaphase
is a stage of mitosis by which the centrosomes, which replicate independently during mitosis
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Side view 
Cross-section
of cilia model 
Figure 5.6: A cantilever structure of cilia constructed by MTDDBM element is loaded by a
distributed force, and force-displacement plot of cilia model.
and nucleate microtubules aster with their minus ends focused on, are pushed apart by the action
of molecular motors acting on the microtubules. It has been argued that the spindle elongation
during prophase is the result of a sliding filament mechanism (McIntosh et al., 1969), which the
molecular motors cross-link overlapping spindle microtubules and slide them by generating inward
and outward forces (Cytrynbaum et al., 2003). In this context it is of direct interest to establish
how forces produced by molecular motors are transmitted to the centrosomes by deformation of
microtubules.
A simple model of this process is constructed to highlight differences in force transmission
between an assumed Euler-Bernoulli beam model (EBBM) and a MTDDBM model that correctly
captures the effects of a microtubule?s spiral structure. As shown in Figure (5.7), two microtubules
of length LMT = 16 µm with lov = 0.58 µm, each modeled by 166 MTDDBM or EBBM elements
are placed in a configuration with their minus ends on the centrosomes. Since the intent of this
calculation is to highlight effects a microtubule?s spiral structure has upon force transmission,
polymerization forces are neglected, and the effect of molecular motors in the overlap region
is modeled by the sliding motor force Fs acting along the local tangent direction. An initial
configuration representative of prometaphase is chosen (Fig (5.7.a)), and the static equilibrium
configuration for various magnitudes of the sliding force Fs is computed, assuming zero end
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displacements in the x, y directions orthogonal to the centrosome centerline. While there is little
difference in the resulting overall change in centrosome separation distance |δz1|+ |δz2| (Fig (5.7.c)),
at most 7%, deformation mode coupling leads to out-of-plane shapes for the MTDDBM model as
opposed to the EBBM (Fig (5.7.b)).
This is direct indication on the torque that must be exerted in the centrosome assembly, and
thereby provides a technique for probing forces within the centrosome from knowledge of the shape
of a microtubule in the mitotic spindle. This effect is displayed in Fig (5.7), which shows the changes
in out-of-plane static equilibrium shapes for torque boundary conditions T = (0, 0.5, 1)× 0.1nN
nm. In the free rotation case (T = 0), the rotational displacement of the microtubule ends −33.74◦
and 36.35◦, which set the upper bound of the rotation angle at two centrosomes.
5.5 Conclusions
There is considerable scope at present to link the wealth of data on biomolecular structure
to biological function at the cell and tissue level. Fully atomistic simulations can accurately predict
behavior of some cell components such as a microtubule fragment. The computational effort in-
volved in such detailed atomistic simulations is prohibitive for analysis of complex structures formed
from multiple microtubules, hence there is a need for efficient models that capture particularities
of mechanical behavior induced by molecular structure. This paper introduces a model reduction
approach that processes a large database of atomistic-level mechanical responses into an efficient
reduced model for microtubules, similar in simplicity to Euler-Bernoulli beam models, but capturing
the effects of the microtubule spiral dimer structure. The resulting microtubule data-driven beam
(MTDDBM) can readily be used as a building block for more complicated cell structures such as a
cilium axoneme or the mitotic spindle constituent element considered in this paper. It also offers a
more accurate methodology for extraction of effective mechanical moduli from experimental results.
Furthermore, the overall procedure of extracting principal modes from the atomistic simulations, and
then using these modes to construct efficient finite elements for cell organelles is well suited to other
components of the cytoskeleton, and offers an efficient modality for analysis of changes induced at
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the cellular level through modifications of the molecular structure (e.g., through pharmaceutical
intervention).
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a b
c
Figure 5.7: (a) Mitotic spindle component model. Two microtubules and molecular sliding motors.
(b) Typical result showing differences in deformation behavior between Euler-Bernoulli and MT-
DDBM models. (c) Spindle elongation-sliding force plot for the Euler-Bernoulli and MTDDBM
models.
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3D view 3D view 3D view
Top view Top view Top view
a θz1 = θz2 = 0◦ b
θz1 = −19.60◦
θz2 = 19.89
◦ c
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◦
Figure 5.8: (a-c)Two overlapping microtubules modeled by microtubule-beam element and 3D
elastic beam element are loaded by a sliding force Fs at the overlapping region different boundary
conditions: (a) fixed rotation around z-axis, (b) the angle of rotation limited by a allowed torque,
and (c) free rotation around z-axis.
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